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Abstract. We consider partially hyperbolic abelian algebraic high- 
rank actions on compact homogeneous spaces obtained from simple 
indefinite orthogonal and unitary groups. In the first part of the 
paper, we show local differentiable rigidity for such actions. The 
conclusions are based on progress towards computations of the 
Schur multipliers of these non-split groups, which is the main aim 
of the second part. 
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1. Introduction 

In this paper we extend results of D.Damjanovic and A.Katok about 
rigidity of certain diagonal actions on compact homogeneous spaces 
[21 El [5] from split to some non-split Lie groups. 

A. Katok and R.Spatzier considered the different iable rigidity of 
Weyl chamber flows on symmetric spaces: let G be a connected semisim- 
ple Lie group of real rank > 2, T a cocompact torsion- free lattice in 
G; let A be a maximal split Cartan subgroup of G, and let K be the 
compact part of the centralizer of A which intersects with A trivially. If 
G is of IR-rank greater than one, the action of A on the space K\G/Y 
is an Anosov (normally hyperbolic) action, and it is locally differen- 
tiably rigid [15] . The method of proof can be called a priori regularity 
since it is based on showing smoothness of the Hirsch-Pugh-Shub orbit 
equivalence [ID] . Another ingredient in the Katok-Spatzier method is 
cocycle rigidity used to "straighten out" a time change; it is proved by 
a harmonic analysis method. 

In [21 E], a special case G = SL(n,R)(n > 3) is considered. In this 
case, rather than the full A action by left translations on SL(n, M)/T, 
they considered the restrictions of the full diagonal action to subgroups 
in the acting group M n_1 that contain lattices in 2-planes in general po- 
sition. Those actions are partially hyperbolic rather than Anosov and 
a priori regularity methods is not applicable. The proof of cocycle 
rigidity and differentiable rigidity in [21 [3] is "geometric" , in contrast 
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with earlier proofs in [15]. The totally new manner is based on geom- 
etry and combinatorics of invariant foliations and using insights from 
algebraic .fT-theory as an essential tool. 

The approach of [21 [3] was further employed in [5], for extending cocy- 
cle rigidity and differentiable rigidity from SL(n, M) /Y and SL(n, C) /Y 
to compact homogeneous spaces obtained from some simple split Lie 
groups of nonsymplectic type. 

The purpose of this paper is to further extend the results of the 
above-mentioned authors to higher rank partially hyperbolic actions 
on compact homogeneous spaces obtained from indefinite orthognal 
and unitary groups. In the present work we derive information about 
generators and relations in these non-split groups which are not readily 
available from the literature. As soon as this algebraic information is 
obtained, the geometric scheme developed by Katok and Damjanovic 
essentially applies to non-split cases. However, there are still at some 
places significant technical differences which require some new argu- 
ments to handle them. 

In Section [31 based on the conclusions about Schur multipliers proved 
in Section 00 we apply the approach of [2] to prove trivialization 
of small, non-abelian, group valued cocycles over partially hyperbolic 
abelian algebraic acrion described in Section 12.21 The key points are: 
(i) local transitivity of Lyapunov foliations, (ii) the fact that some 
Lyapunov cycle can be approximated by a composition of conjugates 
to stable cycles, and (iii) vanishing of periodic cycle functionals on 
broken paths along leaves of stable and unstable foliations generated by 
multiple-dimension root spaces. Once the cocycle rigidity is obtained in 
Section [3] via geometric method, proving that cocycle rigidity is robust 
under C7 2 -small perturbations is similar to the case of G = SL(n,M), 
which is treated in [3] (See Section HJ). 

In Section [5HZ1 we make sufficient progress towards the computations 
of the Schur multipliers of SO + (m, n) and SU(m, n) where m > n > 3 
to obtain information needed for the proofs in Section [3j This work is 
extension of the ideas of R. Steinberg [23] and V. Deodhar [Bj. Steinberg 
considered the so-called Schur multipliers (cf. Steinberg [|24J, Section 
7]) of rational points of simply connected Chevalley groups and ob- 
tained results of importance, especially in the case of split semisimple 
algebraic groups. Deodhar extended Steinberg's theory to a more gen- 
eral class of quasi-split groups. In the present work, our main aim is to 
obtain similar results for some non-split groups that are not quasi-split. 
Deodhar's construction carries carry over to the non-split groups with 
minor changes. However, it does not provide sufficient information and 
needs to be supplemented by some new method. 
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Let k denote an arbitrary local field, and G denote a connected, 
simply connected algebraic group which is defined and absolutely al- 
most simple over k. In Section [5] we use Deodhar's results freely in the 
general case: We construct explicitly, in terms of generators and rela- 
tions, a "universal central extension" for generated by fc-rational 
unipotent elements which belong to the radical of a parabolic subgroup 
defined over k in G. 

In Section O and [3, our main aim is to make some progress towards 
the computation of the fundamental group 71"! (G^) (= Schur multiplier) 
of Gk when G K = SO + (m,n)(m > n > 3) and G®. = SU(m,n)(m > 
n > 3). For this purpose, we introduce a way to tackle the "rotation" 
and "reflection" in root spaces with dimensions greater than 1. 

For definitions and general background on partially hyperbolic dy- 
namical systems see [22J; all necessary background on algebraic actions 
can be found in [13] . We will also strongly rely on definitions, construc- 
tions and results from the earlier papers on the subject [21 El |5]. In the 
present paper we consider algebraic actions of Z fc x Mr, k + £ > 2. We 
treat generic restrictions of full split Cartan actions on SO + (m, n)/T 
and on SU(m, n)/T (where T is a cocompact lattice). 

I'd like to thank Nigel Higson for pointing out to some relevant 
sources and results in algebraic i-T-theory and many stimulating discus- 
sions. I am grateful to Grigory Margulis and Yuri Zarhin who kindly 
helped me in algebraic area. My sincere thanks are also due to my 
advisor Anatole Katok, who suggested the problem to me. He also 
looked through several preliminary versions of this paper, suggested 
some changes, made important comments and encouraged me a lot. 

2. Setting and results 

2.1. Generic restrictions of split Cartan actions. Let Q be a non- 
degenerate standard bilinear form on M m+n of signature (n,m). The 
group SO + (m, n) is then the connected Lie group of (m + n) x (m + n) 
matrices that preserve Q with determinant 1. Then we can choose 
a base of R m+n in terms of which the quadratic form Q is given by 
Q(ei, ej +n ) = 1, if 1 < i < n; Q(ej, Cj) — 1, if 2n + 1 < j < m + n and 
Q(ei,ej) = otherwise. 

Using this base, the Lie algebra so(m,n) of SO + (m,n) can be rep- 
resented as (m + n) x (m + n) matrices 



Mi 


A 2 




^3 




B 2 




c 2 
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where Ai, A 2 , A 3 , A 4 are nxn matrices, Bi, B 2 are nx(m-n) matrices, 
Ci, C 2 are (to — n) x n matrices and D is a (to — n) x (to — n) matrix 
satisfying 

Ai = -A\, A T 2 = -A 2 , Al = -A 3 , 
D T = -D, B l = -C T 2) B 2 = -C[. 

Here M T denotes the transpose of the matrix M. 

Let H be a non-degenerate standard Hermitian form of signature 
(n, to). Then we can choose a base of C m+ra (under a linear transforma- 
tion with real coefficients) in terms of which the quadratic form H is 
given by Hfe, e i+n ) — 1, 1 < i < n, H(ej, e 3 -) = 1, 2n + 1 < j < m + n 
and H(ei,ej) = 0, otherwise 0. The group SU(m,n) is then the con- 
nected Lie group of (to + n) x (to + n) matrices that preserve if with 
determinant 1. 

Using this base the Lie algebra su(m,n) of SU(m,n) can be ex- 
pressed as (to + n) x (to + n) matrices 





A 2 




a 3 


A 4 




V<7i 


c 2 


^7 



where Ai, A 2 ,A 3 , A 4 are nxn matrices, Bi, B 2 are nx (to— n) matrices, 
Ci, C2 are (to — n) x n matrices and D is a (to — n) x (to — n) matrix 
satisfying 

A x = -A4, T 2 = -A 2 , A^ = -A 3 , 
D T = — D, 5i = -C T 2 , B 2 = -C[. 

Here M T denotes the complex conjugate transpose of the matrix M. 

Let X := SO + ( y m,n)/T, (corr. SU{m,n) /Y) with m > n > 3 and T 
a cocompact lattice in X. Let 

D + = expD + ={diag(expti,expt 2 , . . . , exp t n , exp(-ti), exp(-t 2 ), . . . , 
exp(-t n ),l,...,l): (*i,...,* n ) eW 1 } 

be the group of diagonal matrices with lower (m — n) x (to — n) matrix 
identity. In fact, -D + is the maximal split Cartan subgroup both in 
SO + (m,n) and SU(m,n). 

We denote the action of D + on X by left translations by a and call 
it the split Cartan action. 

For 1 < i 7^ j < n the hyperplanes in D + defined by 

M i _ j = {(t 1 ,...,t n )eB+:t i = t j }, 
U i+j = {(*!, . . . , t n ) G D + : tj + tj = 0} and 
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Bi = {{t 1} ...,t n )eB + :U = 0} 

(exist if m — n > 1) are Lyapunov hyperplanes for the action ao, i.e. 
kernels of Lyapunov exponents of ao- Elements of D + \ |J M. r (where 
r = i ± j, i) are regular elements of the action. Connected components 
of the set of regular elements are Weyl chambers. 

The smallest non-trivial intersections of stable foliations of various 
elements of the action ao are Lyapunov foliations. Each regular ele- 
ment either exponentially expands or exponentially contracts each of 
those leaves. For more details, see Section 13.31 

Definition 2.1. A two-dimensional plane P C D + is in general position 
if it intersects any two distinct Lyapunov hyperplanes along distinct 
lines. 

Let G C ©+ be a closed subgroup which contains a lattice L in a 
plane in general position and let G = exp G. One can naturally think 
of G as the image of an injective homomorphism 
i :Z k xR e ^ D + (where k + £ > 2). 

Definition 2.2. The action ao,G of G by left translations on X is given 
by 

(2.1) a , G (a,x) = i (a) ■ x 

and will be referred to as a higher-rank generic restriction of split Car- 
tan actions or just a generic restriction for short. 

2.2. Cocycles and rigidity. Let a : A x M — > M be an action 
of a topological group A on a compact Riemannian manifold M by 
diffeomorphisms. For a topological group Y a F-valued cocycle (or an 
one-cocycle) over a is a continuous function [3 : Ax M ^ Y satisfying: 

(2.2) (3(ab, x) = (3{a, a{b, x))/3(b, x) 

for any a,b G A. A cocycle is cohomologous to a constant cocycle 
(cocycle not depending on x) if there exists a homomorphism s : A — > Y 
and a continuous transfer map H : M — -> Y such that for all a G A 

(2.3) P(a, x) = H(a(a, x))s(a)F(a;)" 1 

In particular, a cocycle is a coboundary if it is cohomologous to the 
trivial cocycle 7r(o) = idy, a G A, i.e. if for all a G A the following 
equation holds: 



(2.4) 



(3(a,x) — H(a(a,x))H(x) . 
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For more detailed information on cocycles adapted to the present set- 
ting see [3]. Let 



be the subgroup of SU(m, n) with 

Ai ={diag(expzi, . . . , expz n , exp(-zT), . . . ,exp(-^)): 
( Zl ,...,z n )eC n } 

and A 2 (m — n) x (m — n) unitary matrices. Let Y x = Y H SO + (m, n) 
if X = SO + (m, n)/r(corr. Y x = Y if X = SU{m,n)/Y). Y x is 
isomorphic to W 1 x SO (m — n) when X = SO + (m, n) /Y and isomorphic 
to W l x T n - 1 x U(m - n) if X = SU(m, n)/Y. 

Let P C D+ be a 2-dimensional plane in general position. We will 
show (Theorem [3] in Section [3D that every small Holder cocycle with 
values in Y x over the action q 0i g, where G is any subgroup of D + which 
contains exp P, is cohomologous to a constant cocycle. Similarly to the 
proofs in [21 [3] we use the geometric structure of Lyapunov foliations of 
the action. By applying the method of [21 [13] we show that a cocycle 
over a partially hyperbolic action with locally transitive Lyapunov foli- 
ations is cohomologous to a constant cocycle if and only if the periodic 
cycle functional (PCF) vanishes on all closed broken paths whose pieces 
lie in leaves of Lyapunov foliations of the action. Furthermore, the 
presentations of Schur multipliers of SO + (m, n) and SU (m, n) that we 
will construct in Sections [M3 give explicit description of closed broken 
paths along Lyapunov foliations which leads to vanishing of the PCF 
on all such paths and to cocycle rigidity. Smoothness of the transfer 
map for smooth cocycles is a consequence of the fact that for a generic 
restriction, the Lyapunov distributions along with their Lie brackets 
generate the tangent space at every point. 

2.3. Formulation of results. Our main results are contained in the 
following two theorems. 

Theorem 1 (Differentiable rigidity of generic restrictions). Let ao,G be 
a high rank generic restriction of the action of a maximal split Cartan 
subgroup on SO + (m,n) /Y or SU(m,n)/Y where m > n > 3. 

If a is C°° action ofZ k x M. e sufficiently C 2 -close to ao,G ; then there 
exists a homomorphism i : Z fc x M. — » Y x close to zq and a C°° dif- 



feomorphism h : X — > X such that a(a,h(x)) = h(i(a) ■ x) for all 
J} x R e . 
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The principal ingredient in the proof of Theorem [T] is the next theo- 
rem which is the main technical result of the present paper. It extends 
the cocycle rigidity result from [3j [5] . 

Theorem 2 (Cocycle rigidity for perturbations). Let ao,G be a generic 
restriction of the action of a maximal split Cartan subgroup on SO + (m, n)/Y 
or SU(m,n)/T where m > n > 3. Let a be a sufficiently C 2 -small C l 
perturbation of «o,G- 

If (3 is a Holder cocycle over a with values in Yx then (3 is cohomolo- 
gous to a constant cocycle given by a homomorphism s : Z fc x M. e — > Yx 
via a continuous transfer function. Furthermore, if the cocycle (3 is 
sufficiently small in a Holder norm the transfer map is C° arbitrary 
small. 

Let X\ := M\SO + (m, n)/T, with m > n > 3, where M = SO(m—n) 
and r a cocompact lattice in SO + (m, n). 

Corollary 2.1. Let a>o,G be a high rank generic restriction of the action 
of a maximal split Cartan subgroup on M\SO + (m,n)/T where m > 
n>3. 

If a is C°° action ofL k x sufficiently C 2 -close to ao t a, then there 
exists a homomorphism i : Z* x R f -> Yx close to %q and a C°° dif- 
feomorphism h : X — > X such that a(a,h(x)) = h(i(a) ■ x) for all 
Z k x R e . 

The action by left translations of D + on Xi is the Weyl chamber 
flow (WCF) and we denote this action by a®. The following result is a 
special case of Corollary 12. 11 

Corollary 2.2. Let a be the WCF on M\SO + (m,n)/T where m > 
n > 3. If a is C°° action sufficiently C 2 -close to ao, then there ex- 
ists a homomorphism i : Z fc x IR £ — > D + close to identity and a C°° 
diffeomorphism h : X — > X such that a(a, h(x)) = h(i(a) ■ x). 

2.4. Comments on related problems. Results of this paper belong 
to the general program of establishing various flavors of local differen- 
tiable rigidity for partially hyperbolic algebraic actions of higher rank 
abelian groups. For general comments on that program see [U Section 
1]. We do not attempt a comprehensive overview of the current state 
of the program but restrict ourselves to few comments on those aspects 
that are closely related to our results. 

First let us discuss generic restrictions of Cartan actions on other 
higher rank simple Lie groups. 

The condition n > 3 for SO + (m, n) and SU (m, n) is necessary for the 
method used in this paper. Algebraically, the complications in these 
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cases are similar to those encountered in the case n = 2 for the linear 
Steinberg groups ([7j Section 1.4E). Geometrically, homotopy classes 
can't be reduced to each other using allowable substitution. Thus the 
cases of groups SO + (m, 2) and SU(m, 2) remain open. 

Using the technique in dealing with an infinite fundamental group 
similar to that we use in case of SU(m,n), we can solve the cocycle 
rigidity and differentiable rigidity problem of generic restrictions for 
Cartan action on the split groups Spin, R) that is left out in [5]. This 
result will appear in a separate paper. 

Extension to generic restrictions of split Cartan actions for other 
classical non-split simple groups requires information about generators 
and relations not available from the literature. This is not surprising 
that this is already the case with the groups SO(m, n) and SU(m, n). 
While our general approach may (and probably should) work more 
techniques are needed for calculations of generators and relations of 
matrix groups of SL(n, HI), SP(m, n) and SO*(2n). Those are defined 
over quaternions and one has to double the sizes of matrices to represent 
them by complex matrices which makes the "rotations" much more 
complex. 

We have not looked into exceptional groups and are not aware of 
any effective way to solve the generators and relations problem for 
those groups. Similar to the quaternionic cases, one hopes that with 
sufficiently hard work those groups (with the possible exception of the 
rank two case) may be amenable to our method. 

A necessary condition for applicability of the Damjanovic-Katok geo- 
metric method (although not for local rigidity) is that contracting dis- 
tributions of various action elements and their brackets of all orders 
generate the tangent space to the phase space. Generic restrictions for 
Cartan actions satisfy that condition. Naturally one may look at non- 
generic restrictions of Cartan actions. Some of those still satisfy it but 
nothing is known even for the SL(n,M) case since one cannot use the 
full force of the algebraic i^-theory machinery. More detailed analysis 
of generators and relations may help resolve some of those cases. 

The next natural step is to consider a similar problem on products of 
simple groups factored by irreducible lattices. There are certain cases 
that look amenable to the method. Finally, one may consider actions 
of higher-rank abelian subgroups on homogeneous spaces of compact 
extensions of simple or semisimple Lie groups. Since the compact fibers 
are included into the neutral directions one should consider cocycles 
with values in more general groups that are extensions of abelian groups 
by compact groups. Our methods can be extended to at least some of 
those cases. 
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3. COCYCLE RIGIDITY FOR THE ACTIONS « ,G 

The purpose of this section is to describe a geometric method for 
proving cocycle rigidity for this action following (2J [3] . 

Theorem 3. Any Yx-valued Holder cocycle over the generic restriction 
of the split Cartan action on X is cohomologous to a constant cocycle 
via a Holder C°° transfer function. 

Any Yx-valued C°° cocycle over the generic restriction of the split 
Cartan action on X is cohomologous to a constant cocycle via a C°° 
transfer function. 

3.1. Preliminaries. Let a : A — > Diff(M) be an action of A := M. k , 
k G N on a compact manifold M by diffeomorphisms of M preserving 
an ergodic probability measure . Then there are finitely many linear 
functionals A on A, called Lyapunov exponents, a set of full measure A 
and a measurable splitting of the tangent bundle T\M = A E x , such 
that for v G E x and a G A the Lyapunov exponent of v with respect 
to a (a) is A(a). 

If X is a non-zero Lyapunov exponent then we define its coarse 
Lyapunov subspace by 

E x .= E\ 

X=cx-c>0 

For every a £ A one can define stable, unstable and neutral subspaces 
for a by: E' a = ® x{a)<Q E\ E% = A(a)>o £ A and E° a = ® x{a)=Q E\ 
In particular, for any a G A := f) x -£ (Kerx) c the subspace E® is the 
same and thus can be denoted simply by E°. Hence we have for any 
such a : 

TM = E s a ®E°® E u a . 

See [[12], Section 5.2] for more details. If in addition E° is a continuous 
distribution uniquely integrable to a foliation M with smooth leaves, 
and if there exists a G A such that a(a) is uniformly normally hyper- 
bolic with respect to Af (in the sense of the Hirsch-Pugh-Shub [TO] ) 
then a is a partially hyperbolic action. Elements in A which are uni- 
formly normally hyperbolic with respect to M are called regular. Let A 
be the set of regular elements. We call an action a partially hyperbolic 
A action if the set A is dense in A. In particular, if E° is the tangent 
distribution to the orbit foliation of a normally hyperbolic action, then 
the action is called Anosov. 
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If the set A is dense in A, then for each non-zero Lyapunov exponent 
X and every p G M the coarse Lyapunov distribution is: 

E X ( P ) = p| ekp). 

a£A,x(a)<0 

The right-hand side is Holder continuous and E x can be extended to 
a Holder distribution tangent to the foliation T x := [\ ae £ x < a )<o ^a(p) 
with C°° leaves. This is the coarse Lyapunov foliation corresponding 
to x (See [[2\, Section 2] and [IT]). 

We denote by xii ■ ■ • > Xr a maximal collection of non-zero Lyapunov 
exponents that are not positive multiples of one another and by Ti, . . . , % 
the corresponding coarse Lyapunov foliations. 

Given a foliation % and x G M we denote by T(^) the leaf of % 
through x. 

3.2. Paths and cycles for a collection of foliations. . In this 
section we recall some notation and results from [3]. Let 1[, . . . ,%. be 
a collection of mutually transversal continuous foliations on M, with 
smooth simply connected leaves. 

For N G N and j k G {1, . . . , r}, k G {1, . . . , N — 1} an ordered set of 
points p(ji, . . . ,Jn-i) '■ Xi,...,xn G M is called an T-path of length 
N if for every k G {1, . . . , iV — 1}, x i+ i G T,j k (x^). A closed T-path(i.e., 
when xn = %i) is a T-cycle. 

A T-cycle p(ji, . . . , Jjv-i) : • • • > ^JV = G M is called stable for 
the A action a if there exists a regular element a & A such that the 
whole cycle p is contained in a leaf of the stable foliations for the map 
a(a, ■), i.e., if 

N 

f){a: Xjk (a) < 0} ± <t>. 

k=l 

Definition 3.1. Let p(j 1 , . . .J N -i) :x u ...,x N and p n (j u . . . ,jjv-i) : 
x™, . . . , Xx be two T-paths. Then p = lim^oo p n if for all k G {1, . . . , iV} 

Xj. = lim Xfr. 

n— >oo 

Limits of T-cycles are defined similarly. 

Two T-cycles, p(j l5 . . . , j N+1 ) : x u . . . ,x k ,y,x k , . . . ,x N = x 1 and 
p0'i> • • • j3n-i) '■ x i, . . . , Xk, Xk+i, ■ ■ ■ xjy are said to be conjugate if y G 
%(x k ) for some % G {1, . . . ,r}. For T-cycles, p(j ± , . . .,j N -i) :x 1 ,...,x N = 
x\ and p'(j[, . . . ,3'k-i) '■ x i — x[, . . . , x' K — x\ define their composition 
or concatenation p * p' by 

P * p'(ji, ■ ■ ■ , Jn-i, fi, ■ ■ ■ , Jk-i) '■ x l} ...x N ,x' 1} ...,x' K = x x . 
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Let ASq-{a) denote the collection of stable T-cycles. Let ASr{o) de- 
note the collection of T-cycles which contains AS%-(a) and is closed 
under conjugation, concatenation of cycles, and under the limitation 
procedure defined above. AS%-(a) denotes the subset of ASt(o) which 
contain point x. 

A pathp : xi, . . . , Xk, . . . ,Xn reduces to a pathp : xi, x 2 , ■ ■ ■ , x k , . . . , x 
via an a-allowable T-substitution if the T-cycle 

p * p : Xi, . . . , Xk, . . . , xn—i, xjv, x n _i, . . . , x 2 , X\ 

obtained by concatenation of p and p is in the collection ASr(a). 

Two T-cycle c\ and ci are a-equivalent if c\ reduces to C2 via a finite 
sequence of a-allowable T -substitutions. A T-cycle we call a-reducible 
if it is in ASt{ol). 

Definition 3.2. For N e N and j k e {l,...,r},k e {1, . . . , N} an 

ordered set of points p(ji, ■ ■ ■ ,Jn) '■ x±, . . . ,xn,xn+i = Xi & M is called 
an T-cycle of length iV if for every k G {1, . . . , A^}, x i+ i G Tj k (x k ). A 
T cycle which consists of a single point is a trivial T-cycle. 

Definition 3.3. Foliations T 1; . . . ,% are locally transitive if there ex- 
ists iV G N such that for any e > there exists 5 > such that for 
every x G M and for every y G P>x(x, 5) (where E>m(x, 8) is a 5 ball in 
M) there is a T-path p(ji, . . . , Jn-i) '■ x — x±,X2, ■ ■ ■ , = y in 

the ball B M (x,e) such that G ^ fc (a; fe ) and d^. fc ( Xfc) (a; fc+ i, x fe ) < 2e. 

In other words, any two sufficiently close points can be connected by 
a T-path of not more than N pieces of a given bounded length. Here, 
for a submanifold Y in M, dy(x,y) denotes the infimum of lengths of 
smooth curves in Y connecting x and y. 

Definition 3.4. For a partially hyperbolic A-action a on a compact 
manifold M with coarse Lyapunov foliations %_,...,% and for a cocycle 
P : AM — > Y over a, where Y is a Lie group, we define Y- valued 
potential of (3 as 

{ p a(y^ x )= lim Pina^y^Pina^x), xA°) < 
p a{y, x )= lim ^(na,?/)" 1 ^^,^), Xj(a)>0 
n— oo 

Now for any T-cycle c : x±, . . . , Xtv+i = %i on M, we can define the 
corresponding periodic cycle functional: 

N 

(3.1) PCF(c)((3) = l[P^(x t ,x t+1 )((3). 
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It is proved in [2] that the expression for (PCF) does not depend on the 
choice of a. For a general Lie group H there may be a "competition" 
between the exponential speed of decay for the distance between nax 
and nay on the one hand, and the exponential growth of the cocycle 
norm on the other. More information about guaranteeing convergence 
of non-abelian potentials can be found in [2]. 

In this paper, we only consider Y = Yx which possesses a bi-invariant 
metric, so the limits in the right hand part of 13.11 always exist. 

Two essential properties of the PCF which are crucial for our purpose 
are that PCF is continuous and that it is invariant under the operation 
of moving cycles around by elements of the action a. We end this 
section with an important proposition which is the base of our further 
proof. 

Proposition 3.1. (Proposition 4. [2]) Let a be anM. k action by diffeo- 
morphisms on a compact Riemannian manifold M such that a dense 
set of elements of~R k acts normally hyperbolically with respect to an in- 
variant foliation. If the foliations . . . , T r are locally transitive and 
if (3 is a Holder cocycle over the action a such that F (C)(0) = for any 
cycle C then: (3 is cohomologous to a constant cocycle via a continuous 
map h : M — > Y . 

3.3. Split Cartan actions on SO + (m,n)/T and SU(m,n)/T. We 
use notations from Section 12. 11 Let d(-, •) denote a right invariant 
metric on SO + (m,n) and the induced metric on SO + (m, n)/T. We 
use ek/ to denote the matrix with the (k,£) element equal to 1, and 
all other elements equal to 0. Let 1 < i,j < n, i ^ j be two distinct 
indices, £ < m — n, and let exp be the exponentiation map for matrices. 

Let $ be the root system of SO + (m, n) with respect to D + . The roots 
are ±Lj±Lj(z < j < n), whose dimensions are one and ±Lj(l < i < n) 
are also roots if m > n + 1 with dimensions m — n. The corresponding 
root spaces are 

QLi+Lj = ~^(fii,j+n ~ e j,i+n)i<ji Qhi-Lj = ^( e ij' — e j+n,i+n) ; 

8-Li-Lj = ~^-(Cj+n,i ~ &i+n,j)i<j j 

= © where ft = e ^+i ~ e 2n +e,i+n, 

£<m—n 
Km—n 
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Let 

With these notations for t G R, a = (ai, a m _ n ) G R m_n we define 
foliations F r for r = ±L, ± Lj,i ^ j and F p for p = ±Lj for which the 
leaf through x 

(3.2) F r (a;) = exp(t/ r )ar, F p {x) = ([[ exp( aj f>))x 

3 

consists of all left multiples of x by matrices of the form F r (t) or F p (a). 

The foliations F r and F p are invariant under ao- In fact, let t = 
(ti, i 2 > • • • , t n ) G D+, for Vt G R we have Lie bracket relations 

[t, tf r ] = r(i)tf r , [t,tf p ] = a(t)tf p 

where r(t) = ±tj ± tj if r = ±Lj ± L 3 -; p(t) = ±tj if p = ±Lj. 
Using the basic identity for any square matrices X, Y: 

exp X exp F = exp(e s F) exp X, if [X, Y] = sY, 

it follows 

(3.3) a Q (t)(exp(tf r ))x = exp(te r(t) / r )a (t)x, 

(3.4) a (t)(n ex P(°;/;D> = (n ex P(^' eP(t) /p))«o(t)a: 

i j 

where r(t) = ±tj ± tj if r = ±Lj ± Lj\ p(t) = ±tj if p = ±Lj. Hence 
the leaf F r (a;) is mapped into F r (ao(t)x) and F p (x) is mapped into 
-Pp(o ; o(t)^)- Consequently the foliation F r and F p are contracted (corr. 
expanded or neutral) under t if r(t) < (corr. r(t) > or r(t) = 0). If 
the foliation F r and _F p are neutral under cto(t), it is in fact isometric 
under a (t). The leaves of the orbit foliation is 0(x) = {a (t)x : t G 
D + }. 

The tangent vectors to the leaves in (13.21) for various r and p together 
with their length one Lie brackets form a basis of the tangent space at 
every i6l. 

Let be the root system of SU(m, n) with respect to D + . The roots 
are ±Lj ± Lj(i < j < n), whose dimensions are 2 and ±2Lj(z < n) 
whose dimension is 1. Also the ±Lj(i < n) are roots if m ^ n with 
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0Li+Lj = R( e i,j+n ~~ e j,i+n)i<j © ^( e i,j+n + e j,i+n)i<j) 

dLi-Lj = K(ejj — ej +n; j +n )i^j © Mi(e ii: ,- + ej +riji+ri ) i? £j, 

Q-Li-Lj = R( e j+n,i ~~ e i+n,j)i<j © Ri( e j+«,i "I" e i+n,j)i<ji 

0Li = @ (^(ei,2n+£ — e 2 ri + ^,i+„) © Ri(ej )2 n+^ + e 2ri+ ^ 5 i + „)), 

£<m— n 

9-Li = (J) (K(ei+„,2ri+^ — e 2n+^,i) © Ki(ei +ra ,2n+^ + e2n+£,j)), 
£<m— n 

8-2Li = Kie i+ni j, 02Li = Kie iii+n . 
For z G C and i G R, let 

fLi+Lj( z ) = ( ze i,j+n ~~ ze j,i+n)i<j, Jh i -L^ z ) = ( ze i,j ~ ze j+n,i+n)i^j j 

f-Li-Lj(z) = {zej +n>i — Zei+nj)^, fii( Z ) = ze i,2n+t ~ ze 2n+£,i+n, 

f-Li( Z ) = ze i+n,2n+£ ~ z &2n+£,i, f2Li(t) = tie iji+n: 

f-2Li{t) = tie i+rit i. 

With these notations, for z G C, t G R, a — (a±, . . . , a m _ n ) G C m ~ n 
individual expanding and contracting foliations are similarly given by 
F r for r = ±Lj ± Lj,i ^ j and F p for p = ±Lj for which the leaf 
through x 

(3.5) 

F r (z) = exp(f r (z))x, F p (t,a) = exp(/ 2p (£))expQ^ f 3 p {a,j))x 



consists of all left multiples of x by matrices of the form F r (t) or F p (a). 

The foliations F r and F p are invariant under ceo- I n fact, let t = 
(ti,t 2 , ■ ■ ■ ,t n ) G D + , for \/z G C and i G R we have Lie bracket relations 

[t,f r (z)]=r(t)f r (z), [t,f p (z)]=a(t)f p (z), 
[t,f 2p (t)]=2p(t)f 2p (t) 

where r(t) = ±ij ± tj if p = ±Lj ± L^; p(t) = ±tj if p = ±Lj. 
Using the basic identity for any square matrices X, Y: 



exp X exp F = exp(e s F) exp X, if [X, F] = sF, 
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it follows 

(3.6) a (t) exp(f r (z))x = exp(/ r (e r(t) z))a (t)x, 

a (i)exp(f 2p (t))exTp(^2f p (a j ))x 

j 

(3.7) = exp(/ 2p (e 2 ^t))exp(^^(e^a J ))a (t)a; 

j 

where r(t) = ±U ± tj if r = ±Li ± Lj; p(t) = ±t« if p = ±Li. Hence 
the leaf F r (x) is mapped into F r (a (t)x) and F p (x) is mapped into 
F p (a (t)x). Consequently the foliation F r and F p are contracted (corr. 
expanded or neutral) under t if r(t) < (corr. r(t) > or r(t) = 0). 
If the foliation F r and F p are neutral under «o(t), they are in fact 
isometric under «o(t). The leaves of the orbit foliation are 0(x) = 
{a (t)x : t G ©+}. 

The tangent vectors to the leaves in (13.51) for various r and p together 
with their length one Lie brackets form a basis of the tangent space at 
every x G X. 

If P is a 2-plane in general position then the foliations F r and F p 
are also Lyapunov foliations for cto,p. The leaves of F r and F p are 
intersections of the leaves of stable manifolds of the action by different 
elements of P. The same holds for the action by any regular lattice in 
P and thus for any generic restriction ao,G- The neutral foliation for a 
generic restriction a 0j G will be denoted by J\f . 

Remark 3.1. If m > n + 1, neutral foliation of the full split Cartan 
action, as well as any generic restriction contains not only the orbit 
foliation, but also compact part of the centralizer of the maximal split 
Cartan subgroup. In fact, the neutral foliation of the Cartan action is 
given by 

Mq{x) = {Y x ■ x : x G X}. 

The above discussion can be summarized as follows. 

Proposition 3.2. (1) Non-zero Lyapunov exponents for the full Car- 
tan action on SO + (m,n)/T are ±tj ±tj(each has multiplicity l)and 
±ti(each has multiplicity m — n) where i ^ j and 1 < i,j < n. Zero 
Lyapunov exponent comes from the neutral foliation and has multiplic- 
ity n + ( m ~ n ~i)( m ~ w ) _ Consequently any matrix d G D + whose first n 
diagonal entries are pairwise different acts normally hyperbolically on 
SO + (m,n)/T with respect to the neutral foliation and hence is only 
partially hyperbolic. 

(2) If m > n + 1, non-zero Lyapunov exponents for the full Car- 
tan action on SU(m,n)/T are ±tj ±tj(each has multiplicity 2) and 
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±ti(each has multiplicity 2m) where i ^ j and 1 < i,j < n; if m = n, 
non-zero Lyapunov exponents are ±tj ± tj, i ^ j (each has multiplicity 
2) and ±2ti(each has multiplicity 1) where i ^ j and 1 < i, j < n. Zero 
Lyapunov exponent comes from the neutral foliation and has multiplic- 
ity 2n + (m — n) 2 — 1. Any matrix d G D + whose first n diagonal entries 
are pairwise different acts normally hyperbolically on SU(m,n)/T with 
respect to the neutral foliation. 

3.4. Generating relations and Steinberg symbols. In this section 
we state two theorems which play a crucial role in proofs of Theorem [3J 
The proof of those theorems are given in Section [S]-7 which comprise 
the algebraic part of the paper. 

We use notation set in Section [3731 Since M. is embedded in R m ~ n in a 
obvious way, there is no confusion if we write F r (t, 0, . . . , 0) = F r (t) for 
r = ±Lj ± Lj. On the other hand, if we write F r (a) where a G R m_n , 
then a = (ai, 0, . . . , 0) for some a\ G M. 

Theorem 4. SO + (m,n), 3 < n < m is generated by F r (a), where 
r = ±Li ± Lj,±Li, < i ^ j < n and a G W m ~ n subject to the 
relations: 

(3.8) F r (a)F r (b) = F r (a + b), 

(3.9) [F r (a),F p (b))= J] F ir+jp (g ijpr (a,b)),r+p^0 

ir+jp£&,i,j>0 

(3.10) [F r (a),F p (b)] =id, 0^r+p^$, 

here a, b G M. m ~ n and gij pr are functions of a, b depending only on the 
structure of SO + (m,n) ; 



(3.11) h Ll - L2 {t)h Ll - L2 (s) = h Ll _ L2 (ts), 

where h L ^ L , 2 (t) = F Ll . L2 (t)F L ^ Ll (—t~ 1 )FL 1 -L 2 [t)F Ll ^ (-l)F La _ £l (l)F Ll _ L2 (-1) 
for each t G R*; 

(3.12) /i Ll _ i2 (-l)/i Ll+L2 (-l)=id, 

where h Ll+L2 (t) = F Ll+L2 (t)F_ Ll _ L2 (-t- 1 )F Ll+L2 (t)F Ll+L2 (-l)F_ Ll _ L2 (l)F Ll+L2 (-l) 
for each t G R*; 

(3-13) 

h\ n (V2a, V2b)hl n (V2c, \f2d) = h\ n (V2(ac - bd), V2(ad + 6c)), 
where 

hl n (V2a, V2b) = Fijv^a)^^^)^^^^)^^^^)^^^)^^^) 
■ Fl n (-V2)FU n (-V2)Ft n (-V2) 



18 ZHENQI WANG 

for each (a, b) G S 1 . 

If n < m < n + 1, there is no relation \3.1<A 

Now we consider the group SU(m, n). We write -F r (0, z, 0, . . . , 0) = 
F r (z) for r = ±Lj ± Lj where zeC. On the other hand, if we write 
F r (a) where a G R x C m_n , then a = (0, ai, 0, . . . , 0) for some ai G C. 

Theorem 5. Lei $ 6e i/ie rooi system of SU(m,n) 3 < n < m. T/ien 
SU(m,n) is generated by F r (a) where r = ±Lj ± Lj,±Li, i ^ j and 
a G R x C m_ ™ subject to the relations: 

(3.14) F r (a)F r (b) = F r (a + b), 

(3.15) [F r (o),F,(6)]= J! b)),r + P jt 

ij>0 

(3.16) [F r (o),F J ,(6)] = e, 0^r+p^$, 

/iere a, 6 G C m_n ; N rtP>i j are funtions depend only on the structure of 
SU(m, n); 

and the following relations: 

(3.17) h Ll - L2 (z 1 )h Ll ^L 2 (z 2 ) = h Ll „L 2 (z 1 z 2 ) 
where 

h Ll -L 2 {z) = F Ll „ L2 (z)F L2 _ Ll (-z- l )F Ll _ L2 (z) 
■ F Ll _ L2 (-l)F L2 - Ll (l)F Ll - L2 (-l) 

for each z G C*; 

(3.18) W"l)W-l)=id. 

^ 2 l„ (-1) = (F in (-1,0,..., 0)F_ in (-1, 0, . . . , 0)F Ln (-1, 0, . . . , 0)) 2 ; 
and 
(3-19) 

^(V^o, V26)/i^(V2c, V2d) = h 1 Ln (V2{ac-bd),V2(ad + bc)) 
(3.20) 

/ii n (V2a, V2bi)hl n (V2c, V2di) = h\ n {^Pl[ac - bd), V2(ad + 6c)i) 
/or eac/i (a, 6), (c, d) G S 1 where 

h l Ln (V2z, V2w) = F Ln (0, V2z, V2w, 0, . . . , 0)F_ Ln (0, V2z, V2w, 0, . . . , 0) 
■ F Ln (0, v^z, v^w, 0, . . . , 0)F Ln (0, -y/2, 0, . . . , 0) 
• (0, -A 0, . . . , 0) • F Ln (0, -V2, 0, . . . , 0) 
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for (z, w) G C 2 with \z\ 2 + |u>| 2 = 1. 

Ifn<m<n + 1 there are no relations and \3.2(K 

Relations I3.8H3.121 in Theorem H] and I3.14H3.181 in Theorem [5] are 
similar to those in split groups [23] ; while relation 13.191 and 13.201 are 
dealing with "rotations" inside the compact part of the centralizer of 
the maximal split Cartan subgroups. 

Any bi-multiplicative map c : K* x K* — > B into an abelian group 
B satisfying c(t, 1 — t) — 1b is called a Steinberg symbol on the field K. 
We will use the following result about continuous Steinberg symbols 
for the field R and C [21]: 

Theorem 6 (Milnor). a) Every continuous Steinberg symbol on the field 
C of complex numbers is trivial. 

b) Ifc(t, s) is a continuous Steinberg symbol on the field R, then c(t, s) = 
1 if s or t are positive, and c(t, s) = c(— 1, —1) has order at most 2 if 
s and t are both negative. 

The following Lemma treats a case which occurs in the proof of The- 
orem [3] when one can study reducible classes within homotopy classes 
of Lyapunov-cycles. 

Lemma 3.1. Let L be an irreducible lattice in SO (m, n)(corr. SU(m, n) ) 

where SO (m,n) is the universal cover of SO + (m,n) (corr. SU(m,n). 
Then for any homomorphism from L to Yx, the order of image h(L) 
is bounded by a number only dependent on m — n. 

Proof. We first consider the case of SO (m,n). Let h be a homomor- 
phism from L to Yx- We decompose h = (hi, h%) where hi maps L to 
R n and h 2 maps L to SO(m — n). By the Margulis Normal Subgroup 
Theorem [T71 4' Theorem], hi is trivial. Thus h can be considered as 
a homomorphism from L to SO(m — n). By [T71 (3)Theorem], Zariski 
closure of h(L) is a semisimple Q-algebraic group. We first show that 
h(L) is finite. Suppose it is not finite. Since h(L)/h(L) is finite, 
we can assume h(L) is connected. Then h(L) decomposes uniquely 
into (up to permutation of the factors) a direct product of Q-almost 
simple algebraic linear groups. We can assume h(L) is almost sim- 
ple. Compose h with a Galois automorphism a of C over Q to matrix 
coefficients of elements from h(L), then o~h(L) is a non-compact sub- 
group of h(L) = ah(L). By finiteness of Z(h(L)), we can assume 
(eh)' is from L to h(L)/Z(h(L)). By Margulis lattice superrigidity 
Theorem [T71 2 'Theorem], (o~h)' can be extended to a continuous ho- 
momorphism h from SO (m,n) to h(L) / Z \h(L)) . We can assume h 
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is from SO (m,n) to h(L). By simplicity of SO (m, n)(in the mean- 
ing of Lie groups), ker(h) C Z(S*0 (m, n)) or kei(h) = SO (m,n). 

While ker(h) = SO (m,n) contradicts the infiniteness of h(L). No- 
tice h(L) C SO(m — n, C). Thus we get a continues isomorphism from 

SO (m, n) / ker(/i) to its image, which contradicts the fact the the max- 
imal connected compact subgroup in SO (m, n) is the universal cover 
of SO(n) x SO(m) while in SO(m — n, C) is SO(m — n). Hence we 
proved that h(L) is finite. 

Next, we show this number is bounded independence of the homo- 
morphism. By Jordan's theorem which claims that any finite group 
G C GL(£, C) contains a normal abelian subgroup whose index is 
at most j(£), we let the biggest normal abelian subgroup in h(L) be 
A. Consider the restriction of h from h^ 1 (A) to A. The index of 
[L : is bounded by j(m — n). There are only finitely many 

sublattices V in L with the index smaller than j(m — n), the argu- 
ments go as follows: first, every subgroup of finite index in L contains 
a normal subgroup of L with index dividing j(m — n)\. So, it suffices 
to check that the number of normal subgroups of index smaller than 
j(m — n) is finite. Such normal subgroups are exactly the kernels of 
(surjective) homomorphisms of L into a finite group of order smaller 
than j{m — n). Recall that the set of finite groups of order small than 
j(m — n) is finite (up to an isomorphism). On the other hand, since L 
is finitely generated (as a group) [17], the set of homomorphisms of L 
into a given finite group is finite. 

Since [h-\A) : [/i _1 (^)> /i_1 (^ 4 )]] is finite [TTl 4' Theorem], it is bounded 
by a number i(m — n) which depends only on m — n by above analysis. 
The order of A is bounded by i(m — n) by its abelian property. Hence 
the order of h(L) is bounded by i{m — n)j(m — n). 

For SU(m,n), Notice here h = (hi, ^2,^-3) where h\ maps L to M n , 
ft»2 maps L to T n ~ l and hs maps L to U(m — n). hi is trivial by 
Margulis Normal Subgroup Theorem; order of Ii2{L) is bounded by 
[L, [L, L]]. To prove finiteness of h^(L), we can assume it is from L to 
SU(m — n). Similar arguments hold to get a continuous isomorphism 
from SU(m — n)/D to a subgroup inside SL(m — n, C), since the real 
locus of SL(m — n, C) is SU (m — n), where D is inside the center of 
SU(m — n). Thus [Z(SU(m — n)) : D] is finite by the fact that every 
simple matrix group has finite center, which contradicts the fact that 
the maximal connected compact subgroups in SU(m,n)/D is a finite 
lift of S(U(m) x U(n)), while in SL(m — n,<C) is SU(m — n). The next 
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step to prove the uniform bound of order of h^(L) is exactly the same 
as previous case. □ 

3.5. Proof of Theorem [3J. Notice ao,G can be lifted to a G-action on 
SO (m, n)(corr. SU(m,n)) where SO (m,n) is the universal cover 
of SO + (m, n)(corr. SU(m,n) is the universal cover of SU(m,n)). We 
denote the new action by 5o,g and the projection from SO (m, n) (corr. 
SU(m,n)) to SO + (m, n) (corr. SU{m,n)) by p. We proceed in exactly 
the same manner as in [2J. 

At first we show the cocycle rigidity for Holder cocycles. The invari- 
ant foliations that we considered in section 13.31 are F r and F p where 
r = ±Lj ± Lj,i ^ j and p = ±Li. Notice that those foliations are 
smooth and their Lie brackets at length one generate the whole tangent 
space. This implies that this system of foliations is locally 1/2 — Holder 
transitive ([[13"]. Section 4, Proposition 1]). Hence the lifted foliations 
which we still denote by F r and F p without confusion are locally tran- 
sitive on the universal covering spaces. Every such cycle represents a 
relation in the group. The word represented by this cycle can be writ- 
ten as a product of conjugates of basic relations in Theorem 0] and 
that can be lifted to closed cycles in the universal covering spaces. 

At first we consider SO (m, n) which is a 4-fold covering space of 
SO + (m, n) if m > n > 3. Since F r and F p are Lyapunov foliations for 
the full Cartan action and therefore for any generic restriction ao,p(see 
Propostion 7 in [2]), which implies these relations of the type (13. 8p . 
( 16.41) and (13.101) are contained in a leaf of the stable manifold for some 
element of the action. 

For relation (I3.12p , in proof of Theorem (j3J) , we showed that if dou- 
bled, it is lifted to a closed cycle in the universal cover and afteran 
allowable substitution, it is reducible. 

For relation (13.111) follow exactly the same way as in Milnors proof 
in [[2T], Theorem Al] or in [3J, we can show that if doubled, they 
are contractble and in ASf (a) (defined in Definition 13. ip . thus these 

doubled relation is lifted to closed cycles in SO (m, n) and after an 
allowable substitution, it is reducible. 

For relations (I3.13p . since it is a symbol defined on S 1 , follow exactly 
the same way as in Milnors proof in [[2T], Theorem Al], we can show 
they are contractble and in ASf(a), thus these relations are lifted to 

closed cycles in SO (m, n) and after allowable substitution, they are 
reducible. 
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Now we consider SU(m,n). Follow exactly the same way as in 
the proof of the previous case, we are though all the relations except 
(I3.18p . Notice h 2 L n (— 1) =diag(l, . . . , —1, 1, . . . , —1, . . . , 1), thus homo- 

n 2n 

topy classes of (h 2 L n (— 1)^2L„(— 1)) (k G Z) generate the fundermental 
group of SU (m, n) which is isomorphic to Z. Hence we don't need to 
consider this relation in SU(m,n). 

Finally, to cancel conjugations one notices that canceling F r (t)F r (t) _1 = 
id or Fp(a)F p (a)~ l = id are also an allowed substitution and each con- 
jugation can be canceled inductively using that. 

Thus, the value of the periodic cycle functional for any Holder cocycle 
(3 depends only on the element of p _1 (r) this cycle represents. Notice 
p _1 (r) is an irreducible lattice also. Furthermore, these values provide 
a homomorphism from p _1 (r) to Yx- By Lemma [3. H orders of images 
of any homomorphism are bounded by a number depending only on 
m — n, which means no non-trivial homomorphism or it contradicts 
the smallness of the cocyle. 

Hence all periodic cycle functionals vanish on f3. Now Proposition 
13.11 implies that (3 is cohomologous to a constant cocycle via a Holder 
transfer function. 

Now consider the case of C°° cocycles. Notice that the transfer 
function H constructed using periodic cycle functionals is C°° along 
the stable foliations of various elements of the action. Now a general 
result stating that in case the smooth distributions along with their 
Lie brackets generate the tangent space at any point of a manifold 
a function smooth along corresponding foliations is necessarily smooth 
(see [IB] for a detailed discussion and references to proofs), implies that 
the transfer map H is C°°. 

4. Proof of Theorems CD and [2] 

The neutral foliation for a generic restriction a^G is a smooth foli- 
ation, we may use the Hirsch-Pugh-Shub structural stability theorem 
[[TO]. Chapter 6]. Namely if a>c is a sufficiently C 1 -small perturbation 
of Q!o,g then for all elements a 6 A which are regular for a ,G an d 
sufficiently away from non-regular ones (denote this set by A) are also 
regular for olq- The central distribution is the same for any a G A and 
is uniquely integrable to an «c(a, -)-invariant foliation which we denote 
by A/". Moreover, there is a Holder homeomorphism h of X, C° close 
to the idx, which maps leaves of Mo to leaves of M: hMo = M . This 
homeomorphism is uniquely defined in the transverse direction, i.e. up 
to a homeomorphism preserving M '. Furthermore, h can be chosen 
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smooth and C 1 close to the identity along the leaves of JVo although we 
will not use the latter fact. Clearly the leaves of the foliation J\f are 
preserved by every a e A. The action a G is Holder but it is smooth 
and C 1 -close to «o,g along the leaves of the neutral foliation Ao- 

Let us define an action «g of G on X as the conjugate of a G by the 
map h obtained from the Hirsch-Pugh- Shub stability theorem: 

a G '■= h oa G oh 

Since the action a G is a C° small perturbation of cto.G along the leaves 
of the neutral foliation of ao,G whose leaves are {Yx • x : x G X}, we 
have that a G is given by a map (3 : (Z fe x IR £ ) x X — > K by 

(4.1) ac(a, x) = (3(a, x) ■ ao tG (a, 

for aeZ'xK 1 and i6l. Notice that since a G is a small perturbation 
of the action by left translations cto tG , it can be lifted to a G-action a G 

on X = SO (m,n) (corr. SU(m,n)) commuting with the right p _1 (r) 

action on SO (m, n) (corr. SU(m,n)), and /3 is lifted to a cocycle 
(3 over «g (for more details see [[15]. example 2.3]). In particular we 
have: 

fi(ab,x) = /3(a,aa(b,x))/3(b,x). 

Let Z7 : U\,...,U r denote the invariant unipotent foliations for the 
lifted action a ,G of «o,g on X which projects to invariant Lyapunov 
foliations for «o,g; an d let T : Ti,...,T r denote invariant Lyapunov 
foliations for lifted a G which projects to invariant Lyapunov foliations 
for a G . Notice that the latter foliations have only Holder leaves but we 
are justified in calling them Lyapunov foliations since they are images 
of Lyapunov foliations for a smooth perturbed action under a Holder 
conjugacy. Denote the neutral foliation JVq on the covering space by 
Nq. An immediate corollary of the result of Brin and Pesin [lj on 
persistence of local transitivity of stable and unstable foliations of a 
partially hyperbolic diffeomorphisms and the fact that the collection 
of homogeneous Lyapunov foliations U : Ui, . . . , U r is locally transitive 
and T : 7\, . . . , T r is transitive and they are leafwise C° close. Follow- 
ing the proof line closely with only trivial modifications from those of 
[Section 6.2, 6.2 and 6.4 [3]], and [Section 5.3,5.4, |5|], we can show 
[/-cycles and T-cycles project to each other along the neutral foliations 
(precise definitions are in [Section 6.2, [3J]), which implies: 

Proposition 4.1. The lifted cocycle for the perturbed action a G is 
cohomologous to a constant cocycle. 



24 



ZHENQI WANG 



By Proposition 14.11 the value of the periodic cycle functional for 
Holder cocycle (3 over 5 G or its Holder conjugate etc depends only on 
the element of p -1 (T) this cycle represents. Using the same trick as in 
proof of Theorem [3], we can show every homomorphism from p~ l (T) to 
Yx is trivial. Thus we proved Theorem [21 

Thus by Theorem [2j (3 is cohomologous to a small constant cocycle 
s : Z fc x ]R £ — > Yx via a continuous transfer map H : X — > Yx which 
can be chosen close to identity in C° topology if the perturbation a G 
small in C 2 topology. 

Let us consider the map h'(x) := H~ l (x) ■ x. We have from the 
cocycle equation 14.11 and the cohomology equation 12.31 

h'(aa(a, x)) = a Q G (a, h'(x)) 

where a QG (a, x) := i(a) ■ x, where i(a) := s(a)i (a),a G A and i is 
as in 12.11 Since the map h! is C° close to the identity it is surjective 
and thus the action «g is semi-conjugate to the standard perturbation 
a QG of ao,G, i.e. a QG is a factor of aa- It is enough to prove that h! 
is injective. By simple transitivity of [/-holonomy group and the fact 
that there is no non-trivial element in Yx such that all its powers are 
small [Section 7.1 [3]] we have: 

Proposition 4.2. (Section 6.1 [3]) The map hi is a homeomorphism 
and hence provides a topological conjugacy between a G and a g. 

Now by letting h := h'h^ 1 we have 

h o ach' 1 = a G 

thus there is a topological conjugacy between 5^ and a Q q. The smooth- 
ness of this homeomorphism follows as in [15] , [3] or [18] , by the general 
Katok-Spatzier theory of non-stationary normal forms for partially hy- 
perbolic abelian actions. 

4.1. Proof of Corollary 12.11 Proofs of Theorems [1] and [2] apply to 
this case with minor changes when proving T-cycles are projected to U- 
cycles when SO + (m,n) is not split. Similar to proof of Lemma 6.5[3], 
we need to show that a T-cycle at x projected to a [/-path starting at 
x gives a [/-cycle which is either contractible or its fourth power, after 
adding a [/-path of bounded length which connects the 2 endpoints 
and closed up the [/-path. It is due to Theorem [3] and the fact that 
h J L (V2a, V2b)(a, b)eS 1 ,j<m-n-l generate M. 
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5. SCHUR MULTIPLIERS OF NON-SPLIT GROUPS 

5.1. Preliminaries and notations from K-theory. In this part, 
we follow nations and quote conclusions without proof fairly close to 
[6]. Let k be any arbitrary field. Let Q denote its algebraic closure 
in a "universal domain." Let G GL(n, O) be a connected simply 
connected algebraic group which is of fc-rank > 2. We also assume 
that G is absolutely simple over Q. Let Gk = G f]GL(n, k) be the 
group of k rational points of G. For a subgroup H of G, let H k denote 
set Hf]Gk- Let g be the Lie algebra of G, S C G be the fc-split 
torus. Let $ be the &;-root system of G with respect to S, and Q a the 
corresponding root space. Let $ + be the set of positive roots and A 
the system of simple roots with respect to $ + . Define 

$i = {«G $|«/2 $} and $ 2 = {a G $|2a ^ $}. 

For a G $, let u a = J2k>o$ kc " anc ^ ^ ne corresponding algebraic 
subgroup of G. Let £/ + be the algebraic subgroup of G whose Lie 
algebra is J2ae$+ S«- U~ is defined as the subgroup corresponding to 
X]_ ae $+ Qa- For a G $i, let G a be the connected algebraic subgroup 
generated by U a and U~ a . Let ^(5) be the centralizer of 5* in G and 
N(S) the normalizer of S in G and W = N(S)/Z(S) be the Weyl 
group. Let W C N(S)k be a complete representatives. We also assume 
that w a is so chosen that for any a; G w a G iV(S') P) G£ and has 
order 2. Next, let G~l be the group generated by /c-rational unipotent 
elements which belong to the radical of a parabolic subgroup defined 
over k in G. It is known that for a wide class of G, G^ = Gk- Moreover, 
the only proper normal subgroups of G~l are central (and finite). Also, 
G^ = [Gfr,Gfr]- We start with a technical lemma whose role will be 
clear from the subsequent development. 

Lemma 5.1. (The Chain Lemmaj For a G $i ; let (e G U% 

be any element. Then there exists elements X{ G U^, Hi G U k a {i G Z) 
such that: 

1 . x = x. 

2 . Xii/iXi + x = VjXj + iyj + i Wi,j G Z; we denote this element by w. 

3 . TTie element w belongs to N(S)k and "acts" on S as the 
reflection with respect to a, i.e., ww~ l G Z(S)k(w a G W). 

4 . Given any Xi or yi the remaining elements of the chain 
{xniUm] are uniquely determined. 

Definition 5.1. We define w a (x), for (e ^)x G U% to be the element w 
in the chain lemma. Thus, w a {x) G N(S)k and "acts as the reflection 
with respect to a". Further, we have w a (x) = w a (xi) = w_ a (yj) 
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and Wai^x^ 1 ) = w a (x)~ l Wi,j G Z. For a G $1, x, Xi(both^ e)G 
Ug, consider the element h^x.xi) = w a (x)w a (xi)~ 1 . It is clear that 
h a (x, X\) G Z(S)kf]G^ . Let H k be the subgroup generated by these 
elements. 

Remark 5.1. If char/c = 0, then we have the exponential map exp : 
g — > G. Let X G g a be a fc-rational(nilpotent) element. Then x = 
expX G The chain associated with x can also be obtained in the 
following way: We have the Jacobson-Morosov theorem which asserts 
the existence of an element Y G (&- a )k such that {X, Y, [X,Y]} span 
a three-dimension split Lie algebra over k. It is then easy to prove 
that Xi = x = expX,Wi G Z and yj = exp(— y),Vj G Z. If we let 
y =exp(— Y), then we denote xyx by w a (x). 

5.2. Construction of universal central extension. Let N be an 

abstract group. A central extension of N is a pair (tt, N') where N' 
is a group, it is a homomorphism of N' onto iV and ker7r C(center of 
N'). A central extension (tt, N') of N is said to be universal if for any 
central extension (rj, E') of N, there exists a unique homomorphism 
<p : N' — > E' such that rj o <fi = tt. A necessary and sufficient condition 
for N to have a universal central extension is that N = [N,N]. (For 
the proof of this and other elementary properties of a universal central 
extension, one may refer to [[23], Section 7].) 

We now construct the universal central extension (u.c.e.) of the group 
Gj,. (Such an extension exists since Gj, = [G^,G^].) For a,/3 G $i 
such that a ^ —0, it is known that 

[U a ,U?} C ] [ f/ 7 . 

This clearly gives rise to relations i? aj/ g between commutators of above 
form and elements which belongs to 

n ui - 

"f=ict+j(3,i,j>l 

Let G' = U£ * U k , the free product of groups. Now for a, (3 G 
$, a 7^ — (3, R Q ^ has a natural meaning in G' . We now quotient G' by 
the relations {R a ,p} to get a group we denote by G. It is clear that there 
exists a well-defined homomorphism tt\ : G — > GjJ". Further, it is clear 
that 7Ti is surjective. We write for u G C/j^, the corresponding element 
in G by 5 Q (u). Then w a (u), h a (u,Ui) for w, «i G U£ are obviously 
defined elements of G. 

Lemma 5.2. (£?, 7Ti) is a (u.c.e.) of G k 
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Now we list the following lemma which is very important for the 
sequel. 

Lemma 5.3. If a, (3 G $i, (e j^)u G U£, (e ^)v, v\ G U^, then 

1 w a {u)xp{v)w a {u)~ l = x Wa (ft(w a (u)vw a {u)- x ) 

2 Wa^Wp^Wo^uY 1 = W Wa (p)(w a (u)Xp(v)w a (uy l ) 

= h Wa (p) (w a (u)xp(v)w a (u)~ 1 , w q (m)x /3 (wi)w q (m)" 1 ) 
4 hp(v,vi)x a (u)h/3(v,v 1 )'' 1 
= x a (hp(v, vi)x a {u)hp(v, v^ 1 ) . 

Lemma 5.4. Let N be the subgroup of G generated by {w a (u),a G 
$i, (e t^)m G For a G $ + ; denote by H a the subgroup generated by 

h a (v, V\), (e ytyv, V\ G U£. let H be he subgroup generated by {H a , a G 
$i}. Then 

1 H a , a G $i, zs normal in H , and H is normal in N. 

2 H normalizes each U%, and hence U£ • 

3 H = YlaeA H a 

4 ker(7Ti) C H. 

Remark 5.2. We now consider the condition under which h = n^eA 
is in the kernel of 7Ti. Using the simple connectedness of G over Q~ , it 
is easy to see that h G ker^ iff h a G ker^Ya G A. In other words, 
the Schur multiplier tti of Gk is generated by {tti f] H a ,a simple}. If 
G is not simply connected, we only have ker^) C H. 

6. Generating relations of SO + (m,n) 

6.1. Basic settings for SO + (m, n). In this part we study the genera- 
tors of SO + (m, n){m > n > 3). We use notations as in Section I3T31 and 
Section O Explicitly, this is the case where G = SO(m + n, C) defined 
by a non-degenerate standard bilinear form of signature (m,n). 

We denote by S the set of (m+n) x (m + n) diagonal matrices in Gr 
with lower-right (m — n) x (m — n) block identity. Let $ be the root 
system with respect to S. The roots are ±L, ± Lj(i < j < n), whose 
dimensions are one and ±Lj(l < i < n) are also roots if m > n + 1 
with dimensions m — n. We easily see $ = $i. If m > n + 1, the set 
of positive roots $ + and the corresponding set of simple roots A are 

$ + = {Li - Ljj^j U {Li + Ljj^j U {Li}i, 
A = {L l -L i+1 } i U{L„}- 
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if m = n, the set of positive roots $ + and the corresponding set of 
simple roots A are 

$ + = {Li — Lj}i<j U {Li + Lj}i K j, 

A = {Li- L i+1 }i U + L n }. 

With notations in Section I3TB1 we have 
E/J = {exp(£/ r ) | t G R} for r = ±L; ± L 3 [i < j), 

Correspondingly, for £ G M and a = (a±, . . . , a m - n ) G ]R m_ri we write 
x r (t) = exp(tf r ) G for r = ±Lj ± Lj(i < j), 

x a (a) = Y\_exp(a j f^) e for a = ±L { . 

j 

6.2. "Chains" in SO + (m,n). Our next step is to determine explic- 
itly the "chain" (cf. Lemma I5TT1) corresponding to the element x a (a)(j^ 
e) G C/f (a = ±Li). For this, define / : W m - n \0 -> M m "™\0 by 
/(a) = (g^,...,^) for a = (a x , . . . , a m _ n ) G "\0. With 
this notation, we have: 

Lemma 6.1. For x a (a)(^ e) G U£(a = ^ e "chain" correspond- 

ing to it is given by 

Xi = x a (a),i G Z; = X- a (f(a)),i G Z. 

Denoting the element w a (x a (a)) by w a (a), we have 

w a (a) = x a (a)x- a (/(a)) x a (a). 

Proof. It is easy to check 

(E^E ( - A/iJ. E"i/iE ( - ^-J]} 

span a three-dimensional Lie algebra isomorphic to By Re- 

mark [5]T] we get the conclusion. □ 

Remark 6.1. Similar computations can be made for the other roots, 
such as ±Lj ± Lj(i < j). We record the results here: 

w r {t) = x r {t)x_ r {-r l )x r {t), t G K* 

where 

Xi = x r (t)\/i, yi = X- r (— £ _1 )Vi. 
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Correspondingly, we define 

h r (t) = u> r (t)ty r (l) -1 , teR*,r = ±Li ± Lj(i < j), 

h a (a, b) = w Q (a)u7 Q (6) _1 , a,b G M m_n \0, a = iL*. 

Let us write p(n) the permutation matrix corresponding to the per- 
mutation 7r, that is, the i,j entry of p(ir) is 1 if i = ir(j) and zeros 
otherwise. Let A, B,C, ■ ■ ■ be square matrices(not necessary the same 
size), we use diag(A, i; Bj 2 , Cj 3 , ■ ■ • ) to denote the (m + n) x (m + n) 
matrix that's constructed in the following way. First, the matrix A is 
placed as a block in diag(Aj 1 , Bj 2 , Cj 3 , • • • ) with its upper left corner 
positioned at the (ji,ji) entry. Matrices B,C,--- are placed simi- 
larly. Then we fill the rest of diagonal blocks of diag(A, i; Bj 2 , Cj 3 , • • • ) 
with identity matrices of suitable sizes and the off-diagonal blocks with 

zero matrices. For example, let A = I 14) an< ^ B = (3). Then 

diag{v4 2 , -85} is the following matrix 

fl o\ 

2 3 

0-1400 . 

1 

\0 3/ 

With these notations we have: 

w Li _ Lj (t) = p(vr)diag ((-t' l )i, tj, (-t) i+n , (t _1 ) i+n ) , for t E R* 
where it only permutes and (i+n, j+ri) while fixes other numbers. 

WLi+Lj{t) = p(vr)diag (t" 1 )^ (-t) i+n ,t j+n ) , for t G E* 

where 7r only permutes (i,j + n) and (j, i + n) while fixes other numbers. 

w Li (a) =p(vr)diag((-2|a|- 2 ) i ,(-i|a| 2 ) i+n , J B 2n+1 ), for a G IR m ~"\0, 

where B G 0(m — n) and 7r only permutes (z, z + n) while fixes other 
numbers. 

6.3. Basic relations. We can now define elements x r (t), x a (a), w r (t), 
w a (a), h r (t), h a (a,b) etc. as was done in Section l5\2l We denote by 
W r the subgroup of G generated by w r (t), W a the subgroup gener- 
ated by w a (a), H r the subgroup generated by h r (t), H a the subgroup 
generated by h a (a,b). Also, from Lemma 15.31 it is clear that certain 
relations hold both in G and Gr. We record these results in two sepa- 
rate lemmas ( Lemma [6 . 2 1 and Lemma ISTBl . since they will serve as ready 
references later. 
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Lemma 6.2. If a G IR m n , t £ M\0, the following hold G(and hence 
in Gr too). 

1 w Ln (a)w Ln _ 1 _ Ln (t)u» Ln (a)- 1 = w Ln _ 1+Ln (-||a| 2 t), 

2 w Ln {a)w Ln _ 1+Ln {t)w Ln {a)- 1 = w Lri _ x - Ln (-2|a|" 2 t) ; 

3 w^-Lni^WLMw^-^t)- 1 =w Ln _ 1 (at), 

4 WL^L^WL^i^WL^L^t)- 1 = W Ln (-ar 1 ). 

Hence, 

5 ^i n _ 1 -i n (i)w in (a)/i Ln _ 1 _ L „(t)- 1 =iS in (or 1 ), 

6 t5^(o)^r n _ 1 _r n (t)i5 L j;a)- 1 

= h Ln _ 1+Ln (-\\a\ 2 t) h Ln _ 1+Ln (-||a| 2 ) . 

We denote by S l the sphere in denote by W s the subgroup 

generated by wl„ (y2a), a G S' m ~ n_1 . If a = (ai, ...,a n ), then 

^(^(v^a)) = p(7r)diag((-l) n , (-l) 2 n, -S 2n +i), 

where ir permutes n and 2n while fixes other numbers and B G 0(m—n) 
with entries Bij = —2aiOj,i ^ j and B^i = 1 — 2a 2 . Then B is a 
reflection in the hyperplane orthogonal to a. Thus for any w G W s , 



where 5 = 2 if p(7r) = J m+n and £> G SO(m — n); 5 = 1 if p(vr) 
permutes n and 2n and and £ G 0(m — n). Without confusion, we 
identify 7Ti(iuz, n (v2a)) with B. The following holds: 



Lemma 6.3. If w G tt^w) = P (tt) diag((-l)£, (-1)^, B 2n+1 ), 
5 = 1 or 2, B G 0(m — n), a G S' m_ " _1 ; we have 



where ■ means linear operation on vectors. Using above formula and 
Definition \5.1\ one further has 



7T! W = p(7r)diag((-l)i, (-l)L, B 2n+1 ) 




if = I m+ . 




ifp(ir) = J m+ , 



■n 
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6.4. Structure of H. We recall the notation set in Section 16.31 We 
prove the following: 

Lemma 6.4. If m = n, H is generated by Yl r£A H r , where A = {Li — 
Li + i, L n _i+L n }; ifm > n+1, H is generated by (ElreA H r ) -H s , where 
A = {Li—L i+ i, L n _i+L n } andH s is generated by h Ln (V2a, V2b), a,b E 

C<m—n—l 

Proof. By Lemma I5.4[ the case for m = n is obvious. If m > n + 1, H 
is generated by Yl reA H r , where A = {Li - L i+1 , L n }. 

For any a,b G lR m_n \0, denote J2 a l = a o, Y^bf = bo. Using Lemma 
16.21 we have: 

h Ln (a, b ) =w Ln {a)w Ln {-b) 

- ti Ln _ 1 - Ln (-—)w Ln {— =)h Ln _ 1 - Ln {— =) 
V a o v a o v a o 



h Ln ^~L n (—7=)w Ln ( - —7==)hL n ^i-L n (— ;=) 
V °0 V °0 V °0 

= ^L n _i-L n (-^)^L n _i+L n (-l)^L n _i+L n ( - — 



7 / V^r , lW r ( V2a y^b, 

■ n Ln _ 1+Ln \ —)h Ln _ 1+Ln {-L) ti Ln [——, —f=) 

■ h>L n -x-L n {—/F=) 

Thus H Ln is generated by H s , LL Ln _ x _ Ln and H Ln _ 1+Ln . Hence we 
proved the lemma. □ 

If m > n + 2, for any (a, 6) G 5* 1 , 1 < j < m — n — 1, let 

h{ (V2a, V2b) = w Ln (0, . . . , 0, v^a, V2b,Q,..., 0) 

i 3+1 

•^ n (0,...,0,-V2,0,...,0). 

3 

Corollary 6.1. Ifm > n + 2, H is generated by (Yl r ^A^r)H S0 , where 
A = {L— L i+ i, L n _i+L„} andH SQ is generated by h 3 L (y2a, V2b), (a, b G 



Proof. By Lemma 16.41 we just need to show if s = iJ So . Observe that 
7T! (h 3 Ln (>/2a, y/2b)) =diag(i? 2n+i ), where 

a 2 - b 2 -2ab 
2ab a 2 - b 2 



R 
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Then it is clear that ^i{h 3 L (a, b))(j < m — n — 1) generate a subgroup 
isomorphic to SO(m — n). 

Hence for any a G 5' m_n_1 we can find (e», fi) G S 1 such that 

(H^U^ AfO)H^O,..,0) = v^a. 

i 

Denote JT^ h l Ln (^/2ei, y/2fi) by A. By Lemma 1^751 we have 

Aw Ln (V2,0,...,0)A~ 1 = w Ln (V2a). 
Similarly, for any b G S m ~ n ~ 1 , we can find B G i/ So such that 
Bw Ln {-V2,0,...,0)B- 1 =w Ln (V2b). 

It follows 

(V2a)w Ln (V26) 
= A(w Ln (V2, 0, O)^- 1 ^^-^, 0, O))^- 1 . 
By Lemma 16.31 it is easy to check 

w Ln (V2, 0, Q)H so w Ln (-V2, 0, 0)- 1 C H so . 
Thus we get the conclusion. □ 
Lemma 6.5. 

(1) ker(7n) n H Ll _ L2 = {]Jh Ll -L 2 (ti) | with Y[u = 1}. 

i i 

(2) ker^x) n H r = ker(vr 1 ) n H Ll _ L2 , for r = ±L { ± L^z ^ j). 

Proo/. (1). Notice 7ri(/i Ll _ L2 (t)) =diag(ti, (t' 1 ) 2 , (t" 1 )^, t 2 +n)- Thus 
(1) is clear. 

It follows from (1) that ker(7Ti) fl Hl x ^l 2 is generated by elements 

h Ll -L 2 {ti)h Ll ^ L2 {t2)h Ll - L2 {tib 2 )'' 1 , where t u t 2 G R*. 

(2) We can prove similarly that ker(7Ti) C\H r (r = ±Lj ±Lj) is gener- 
ated by elements h r {tx)h r {t2)h r {tit 2 )~ 1 . Since these simple roots belong 
to the same orbit under the Weyl group, an argument similar to one in 
[[20]. Lemma 8.2] shows that ker(7Ti) D H r C ker(7Ti) fl Hli-l 2 for all 
roots r = ±Lj ± Ly. This proves (2). □ 

For ti,t 2 G R*, we define: 

{ti,h} = ^I /1 -L 2 (tl)A I/1 _ Z , 2 (t 2 )^L 1 -i 2 (il*2) _1 - 

Now in exactly the same manner as the proof in the appendix of [20] . 
we prove that these {tiki's satisfy the conditions 
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Lemma 6.6. 

{ti,h} = {h,^}- 1 \/t u t 2 eR*, 
{h, t 2 ■ t 3 } = fa, t 2 } ■ {t x , t 3 } Vti, t 2 , t 3 g R*, 
{h ■ h, t 3 } = {t u t 3 } ■ {t 2 , t 3 } Vti, t 2 , t 3 g M*, 
{t, 1-0 = 1 VteR*,t^l, 

{t,-t} = l WteR*. 

Thus we define a symbol on R. 

6.5. Construction of a ^-symbol. We construct a new symbol on 
S 1 to get prepared for further study of ker7Ti n H SQ . Up to Section 
16.81 we will doing calculation inside W s (defined after Lemma 16.21) . For 
the sake of simplicity, henceforth we denote w Ln (\/2a)(a G S 1 ™ - ™ -1 ) by 
^Ja),^(V2a,^6)(a,6G^ m - n - 1 )by^Ja,6)and^ n (^6,y2c)((6, C ) G 
S 1 ) by ^ (6, c) until the end of Section [6781 

Lemma 6.7. For V(o, 6), (c, d) G S 1 we /iat>e: 

[^ Ln (a,6),^ n (c,d)] 

= /^((a 2 - 6 2 ,2a6) • M))/^(a 2 - b 2 , 2ab)~ 1 h\ n {c, d)~ l 
= ^(a, b)hl n (c 2 - d 2 , 2cd)V Ln ((a, b) ■ (c 2 - d 2 } 2cd))~ 1 
where the ■ is multiplication among complex numbers. 
Proof. Using Lemma [6 .3[ it follows 

h l Ln (a, b)w Ln (0, ...,Ci, di+i, . . . , 0)h l Ln (a, by 1 
= w Ln (0, . . . , (ca 2 — cb 2 — 2dba)i, (da 2 — db 2 + 2c6a) i+1 , . . . , 0) . 
Thus we have: 

^ n (a,6)^(c,d)^(a,6)- 1 
= h\ n ((a 2 - b 2 , 2ab) ■ (c, d))h' l Ln (a 2 - b 2 , 2ab)-\ 

and 

= h\y - d 2 , 2cd)h\ n ((a, b) • (c 2 - d 2 , 2cd))~\ 
We have thus proved the lemma. □ 
Lemma 6.8. ForMa G S m - n ~ x , 

WL n (a) =w Ln (-a)h 1 Ln (-l,0) 
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and 

h 1 Ln (-l,0)h 1 Ln (-l,0) = e. 

Proof. Notice ^i{h x L {— 1, 0)) = I m+n . By Lemma [673| for any a = 
(ax, 02, ... , CLm-n) G S"™-™ -1 we have 

^i B (-l,0)=«; Ln (o)/ii n (-l ) 0)t5 u (o)- 1 

= w Ln (l - 2a 2 , -2aia 2 , -2aia 3 , . . . , -2aia m _ n ) 

• «j L „ (l - 2a 2 , -2aia 2 , -2aia 3 , ■ ■ ■ , -2aia m _ n ) . 

Let / : S™-"- 1 -> S™-"- 1 be 

f(a) = (l - 2a?, -2aia 2 , -2aia 3 , . . . , -2aia m _„) 

for Va = (oi, a 2 , . . . , a m _ n ) G S" 71 "™ -1 . 

It is easy to check / is surjective. Hence we proved the first par of 
the lemma. For the second part, notice 7Ti(^ (— 1, 0)) = I m+n and use 
Lemma [6.21 we have 



=^„(l,...,0)^ in (l,...,0) 

Hence we proved the lemma. □ 

Let H l be the subgroup generated by h l L (a, b)((a, b) G S 1 ). We 
prove the following: 

Lemma 6.9. 

(1) ker^x) n H 1 = { Y[ hl^aj, b s ) | with JJ(a 2 - b) + 2a j 6 j i) = 1}, 

3 j 

(2) ker(TTi) n H j = ker(Tri) n H x , for j < m - n - 1. 

Proof. (1) Notice ^(/^(a, o))=diag(i? 2n+ i), where 

a 2 - b 2 -lab 



R 



lab a 2 - b 2 



We identify the above matrix with a complex number a 2 — b 2 + 2aj-&ji, 
then (1) is clear. 

It follows from (1) that ker^) D -ff 1 is generated by elements 

^(a,6)^ n (c,d)^((a,6) ■ (cd))" 1 and ^„(-l,0). 

where (a,6),(c, d) G S 1 and • means multiplication among complex 
numbers. 
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(2) We can prove similarly that ker(7Ti) C\H l is generated by elements 
hi n (a, b)h\Jc, d)W Ln ((a, b) ■ (c, d))- 1 and ^(-1, 0). 
Let i,j be distinct, let 

w = w Ln (0, . . . , . . . , 0) -w Ln {~^y, O^h • • • , 0) . 

By Lemma [6.31 we have 

Since h l Ln {— 1,0) G Z(G), we have 

= wh\ n {a,b)h l Ln {c,d)h l Ln {{a, b) ■ (c,^))" 1 ^- 1 
= ^l n ( a > & )^L( c > rf )^L(( a > & ) " ( c ' » 

and 

= to^Hov 1 = ^(-1,0). 

Thus we have proved (2). □ 
For (a, b), (c, d) G S 1 , we define: 

{(a, 6), (c,d)} = hl n ((a,b) ■ {c,d))h\ n {a,b)- l hl n {c,dY\ 

By Lemma ICTTl in exactly the same manner as the proof in the appendix 
of [20], these {(a, b), (c, d)}'s satisfy the conditions 

Lemma 6.10. For a// (a, 6), (c, d), (ai, &i), (ci, di) G S 1 , we /jai>e: 

{(a, 6), (c, d)} = {(c, d), (a, o)} -1 , 
{(a, 6), (c, d) • (ci, di)} = {(a, 6), (c, d)} • {(a, 6), (ci, di)}, 
{(a, 6) • (ai, &i), (c, d)} = {(a, 6), (c, d)} • {(a b (c, d)}, 
{(c,d),(-c, -d)} = l. 

Thus we define a symbol on 5 1 . 

6.6. Structure of ker^) fl H so . We recall the notation set in Corol- 
lary [67TJ H SQ is the subgroup generated by all h 3 L (a, &)((a, &) G S* 1 ). 
We focus on studying ker(7Ti) fl H SQ . The crucial step in proving the 
main Theorem H] is: 

Theorem 7. ker(7ri) H H SQ = ker(7Ti) n H l . 
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The ensuing discussion (up to Lemma 16. 21) proves this theorem. 
Henceforth we consider the quotient group W / s /(ker(7r 1 ) fl H 1 ) until 
the end of Section [6.81 (Note that ker^) fl H l being central, this is 
well defined.) We continue to write h J Ln (a, b) for (a, b) G S 1 and WL n (a) 
for a G S m ~ n ~ 1 for their images in W / s /(ker(7T 1 ) fl H l ). However, there 
is no confusion in doing so. 

As a first step towards the proof of Theorem [3, we prove: 

Proposition 6.1. 

W ■ H i+1 ■ W = H i+1 ■ W ■ H i+1 . 
Let (a, b, c) G S 2 , define 

w l Ln (a, b, c) = w Ln (0, ...,a i: b i+1 , c i+2 , 0, . . . , 0). 
Lemma I6.11H6.121 are preparations for proof of Proposition 16.11 

Lemma 6.11. For V (a, b, c) G S 2 , Vx G R, Vj, there exist (d,g,f) G 
S 2 , (dx,gi, fi) G S 2 , y G R and y± G R such that 

(!) ™L ( a > & > C )*L ( cos x > sin x > °) = ™L n ( d > 9,f)w 3 Ln (0, cos g, sin g) , 
( 2 )*L ( a > b i C )*L (°> cos x ' sin x ) = ™l n (di, 01, /i)*i n (cos 2/i, sin gi, 0). 

Proof. (1) If (a, 6, c) and (cos x, sin x, 0) are collinear, then (a, 6, c) = 
±(cosx, sin x, 0). We just let —(d,g,f) = (0, cosy, sin g) = (0,-1,0). 
By Lemma [6.81 we get the conclusion. 

Suppose (a, 6, c) and (cos x, sin x, 0) are not collinear. Then we choose 
y G R and (d, g, /) G S 2 such that (0, cosy, sing) and (d, g, /) are both 
on the plane generated by (a, b, c) and (cosx, sinx, 0) and satisfying 

Z((a,6, c), (cosx, sin x, 0))= Z((d,g,/), (0,cosg, sing)), 

where Z means the angle between 2 vectors in R 3 . Choose an h in 
the subgroup generated by H 3 and H J+ such that 7Ti(/i) maps the 4 
vectors to xg-plane(with last coordinate in R 3 ). Denote 

7Ti(/i) • (a, 6, c) = (ax, £>i, 0), ^i(h) ■ (cosx, sinx, 0) = (cosxi, sinxi, 0), 
m(h) ■ (d,g,f) = (di,gi, 0), tti(/i) • (0, cosg, sing) = (cosgi, singi, 0). 

We have 

Z ((ai, 6x, 0), (cosxi, sinxi, 0)) = Z ((d 1; g u 0), (cosg 1; singi, 0)) , 

since it\{h) G SO (3) . 

From the above equation and the fact that Hi (w 3 Ln (ai, b\, 0)w J L (cosxi, sinxi 
is a rotation in xg-plane with angle 2 times the one between (cosxi, sinxi, 0) 
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and (a\, &i, 0), it follows 

(*L( fl i' & i' °)*L( cosa; i> sinxi, 0)) 
= ""1 {w J Ln (di,g 1 ,0)w 3 Ln (cosy l ,smy 1 ,0)) . 
Hence we get 

hw J Ln (a, b, c)w 3 L (cos x, sinx, O)^" 1 
= w 3 L (a%, b%, 0)w 3 Ln (cosxi, sinxi, 0) 

= *L(^i,5 , i>0)w{ /n (cos?/i,sin?/i,0) ( by Lemma E2} 
= hw{ n (d, g, f)w{ n (0, cosy, siny)/^ 1 . 
Thus we proved 

*L («, & > C )*L ( cos sin ^ °) = *L (d, 0, /)^1„(0, cos y , sin y) . 
(2) A similar argument holds for (2). 

We have thus proved the lemma completely. □ 

Lemma 6.12. For V0i, 2 , 3 G R, there exist fa, fa, fa, /3 4 ,/3 5 ,/3 6 G R, 
such that 

(!) K n (cos X , sin 9 X ) h 3 ^ 1 (cos 2 , sin 9 2 )h 3 Ln (cos 3 , sin 3 ) 

= ^ (cos fa, sin/3 1 )^ n (cos/3 2 , sin/3 3 )/i£ 1 (cos/?3, sin/3 3 ); 
(2)/^ (cos 6»i, sin 9 1 )h 3 Ln (cos 2 , sin 6» 2 )^ 1 (cos 9 3 , sin 3 ) 
= h 3 Ln (cos /3 4 , sin /3 4 )^ 1 (cos fe, sin /3 5 )^ n (cos /3 fl , sin /3 6 ) . 
Proof. (1) Using Lemma [6.31 it follows 
^ n (cos 0i, sin 0i)/i2 1 (cos 2 , sin 2 )/tl n (cos 3 , sin 3 ) 
= K n ( cos 0i , sin 0! ) u)£ n (0 , cos 2 , sin 2 ) w 3 Ln (0 , - 1 , ) h 3 Ln (cos 3 , sin 3 ) 
= h 3 L (cos 0i, sin0i)w^(O, cos0 2 , sin0 2 )/i^ (cos0i, sin0i) _1 

• h 3 Ln (cos 0i, sin 9 1 )w{ n (0, -1, 0)h 3 Ln (cos 3 , sin 3 ) 

= w 3 L ( — sin 20i cos 2 , cos 20 x cos 2 , sin 2 ) h 3 L (cos 0i , sin X ) 

• w j Ln (0, -1, 0)h{ n (cos0 3 , sin 3 ) w j Ln (-l, 0, 0)^(1, 0, 0). 
Since 

^ijcos 0i, sin 00^(0,-1,0)^^08 3 , sin 3 )< n (-l, 0,0) G H j , 
and 

tti (Aijcos0i,sin0 1 )4 n (O,-l,O)^Jcos0 3 ,sin0 3 )< n (-l,O,O)) 
= tti (- sin(0! - 3 ), cos(0! - 3 ))) , 
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by Lemma 16.91 we have 

= hi n (-sm(e 1 -9 3 ),cos(9 1 -e 3 )). 
It follows 

hP L (cos0i, sin 0i)/rj^ 1 (cos 02, sin 2 )/i£ (cos 6*3, sin 3 ) 
= w J Ln (— sin 29 1 cos 02 , cos 20i cos 02 , sin 2 ) 
• shift - 3 ), cos^ - 3 )X(1, 0, 0) 

= w 3 L (— sin 20x cos 2 , cos 20 x cos 2 , sin 2 ) 
•wi Ti (-si n (0 1 -03),cos(0 1 -0 3 ),O). 
By Lemma 16.111 there exist (a, b, c) G 5* 2 and a£R satisfying 

sin 20i cos 02, cos 20i cos 02, sin 02) 
•4 n (-sin(0 1 -0 3 ),cos(0 1 -0 3 ),O) 
(6.1) = w 3 Ln (a, b, c)w 3 Ln (0, cos a, sin a) . 

Using a similar argument , for V71, 72,73 6 R we have 

( cos 7i > sin 7i)^i n (00s 72, sin 72)/^ ( cos 7s, sin 73) 
= w J L ( — sin 72 , cos 27! cos 72 , sin 27! cos 72 ) 
( 6 - 2 ) • ™i n (0, oos(7i - 73), sin(7i - 73)) . 

It is easy to see that there exist /3i , /5 2 , /? 3 G M satisfying 
(— sin /3 2 , cos 2/3i cos /3 2 , sin 2(3\ cos /3 2 ) = (a, b, c) 

and 

fh — fc = a. 

Let 71 = /3i, 72 = P2 and 73 = /3 3 , combine (16.11) and (16.21) . we thus 
proved (1). 

A similar argument holds for (2). We have thus proved the lemma 
completely. □ 

6.7. Proof of Proposition I6TTJ , By Lemma |6.9[ every element of H l 
can be expressed as h l Ln (a,b) where (a, b) G S 1 . Thus by Lemma |6.12[ 
it follows 

H i ■ H i+1 ■ W C H i+1 ■ W ■ H l+1 

and 

H i+1 ■ W ■ H i+1 C W ■ H i+1 ■ H\ 
which completes the proof. 
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We denote H 1 -H 2 , . . . , ■H j by YY j=1 H j . With this notation we have: 
Proposition 6.2. 



m—n—1 m—n—2 
i=l i=l 

Proof. We write h l L for the set of all h l L (a, b), (a, 6) G S 1 . It is 
sufficient to prove: 



m—n—1 m—n—2 
8=1 1=1 



We use induction on m — n = 2 + For = we are though by 
Lemma 16.91 

If k = 1 , any element in if so can be written as h\ h\ , . . . , h\ h 2 L . 
Keep using Proposition 16.11 and Lemma 16.91 then we are through. 

Now assume the lemma is correct for m — n = 2 + k. We will show 
it is correct for m — n — 2 + k + l. Denote the subgroup generated 
by Hi where j < k + 1. Then H so is generated by {Y^, h 1 ^ 2 }. By 
induction, any G Yk can be written as 



fe+l k 

^=(n^u-(n^jv--,-(n^j- 

i=l i=l i=l 

Next we will see what changes are brought to this express after 
adding h\ (i < 2 + k) from both sides of yk- Obviously, adding 
^ (i < 1 + k) from either side makes no changes. One considers 
adding h 1 ^ 2 from both sides. Notice if 2 < \i — j\, 



(6.3) 
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thus for any yk, we have 



=^ 2 (n^j(fi^j ) --- ) (n^u^: 2 

8=1 i=l i=l 

fc k 



(n^)^ a ^s a (ii^).-. orj ( by a) 

A; k 

(II % J^K^K 1 (II . • • • > (II % J ( ^ Proposition « 

i=l i=l i=l 



i=l i=l i=l 



Since h{J 1 (nf=i ^J. • • • > (IL=i ^D e y *> b Y induction, we have 

= (n^)(n^)'---'(n^)- 

i=l i=l i=l 

Next we consider the changes after adding h\ (i < 2 + k) from left 
side of the above expression. It is clear adding h\ makes no changes. 
Neither for h^ 2 , since a same argument holds as in previous proof. For 
h 3 L (1 < j < k + 2) we have: 

k+2 fe+1 

^(n^n)(n^j'---'(n^n) 

i=l i=l i=l 

j-2 fe+2 fe+1 

= (nK)Mj£hL( n ^j(n^)'---'(n^u(by a) 

i=l i=j'+l i=l i=l 

j-2 k+2 fe+1 

= (II^JC^LCH II ^J(n^U>--->(II^)(byPropositionO 

i=l i=j'+l i=l i=l 

fc+2 fe+1 fc 

= (II % J C 1 (II % J (II *U > • • • > (II %J • ( by «) 

i=l i=l i=l i=l 
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Since M" 1 (IIS K) (nti K) > • • • > (EU b y induction we 

have 

k+2 fc+1 



i=l i=l i=l 

k+2 fc+1 fc 

= (n^)(n^)(n^),---,(n^j- 



j=l j=l i=l i=l 



Hence we are through left side case. Now consider adding elements 
from right side. In this case, we are left with adding h 1 ^ 2 . Then 



k+2 fc+1 



i=l i=l i=l 

k+2 fc+1 fc 

= (n mj (n ^j^: 2 (n , > oi K) ( ^ ») 

i=l i=l i=l i=l 

= (ff ^l) (ff ^£: 2 ^r (ff *u ■ (n *o 

j=l j=l i=l i=l 

= (ff ^) (ff ^L)^: 1 ^: 2 ^: 1 (ff % j . - . (n K) • ( b y position o. 

i=l i=l i=l i=l 

Since (IljLi ^U^ 1 e b Y induction we have 

(ff 1 K) (ff *5j ^^s 1 (ff «j , ■ • • , ai «j 

i=l i=l i=l i=l 

= (ff «j (ff *u > • • • . ai fcu^t 1 (ff *u > • • • > (n *u 

i=l i=l i=l i=l i=l 

k+2 k k 

= (II K) (II %J > • • • > (II ~ hl L S h t l (II *U . • • • , (II K) ■ ( b y 

i=l i=l i=l i=l i=l 

Notice 

(ff , (J] ^J^ 1 (ff %J, , (II %J e 

j=l i=l i=l i=l 



42 ZHENQI WANG 

by induction we have 

k+2 k 



oi hi) (n K) en hirhi: 1 (u K) , ■ ■ ■ , (n *u , 

i=l i=l i=l i=l i=l 

k+2 k+1 



i=l j=l i=l 



Thus we have proved adding elements from right leaves the expression 
unchanged. Then we finally proved this proposition. □ 



6.8. Proof of Theorem [7J By Proposition 16.21 V7i £ H so can be 

written as 

m— n— 1 m—n—2 



i=l 



i=l i=l 



where (c^, 6^) £ S 11 for i, j < m — n — 1 and /io £ ker(7Ti) fl H l . Notice 
the element in the lower right corner of matrix Ti\{h) is (flm-n-i) — 

/tm-n-l\ 2 
\ u m-n-l) ■ 

If 7n(/i) = / m + n , we have a™!^ = ±1, 6™!™:} = 0. Thus it 
follows h^- n - l {aZllZ\, b2ZT-\) £ ker(7r 1 ) ClH 1 . By induction, we have 
h £ ker(7ri) DH 1 . We thus proved ker(7Ti) n H SQ C ker(TTi) n if 1 . The 
other side inclusion is obvious. Hence we finished the proof completely. 



6.9. Proof of Theorem 31 We first consider m = n. By the fact 
coming from Lemma 16.41 that ker^) C Yl r£ ^H r , where A = {Li — 
L i+ i,L n _i + L n }, we only need to consider the elements in Yl re &H r . 
By Lemma 16.51 Wh £ YlreA can be written as 

h = h Ll _ L2 (ai)h L2 _ L3 (a 2 ), ■ ■ ■ , /?-L n _i-L n (an-i)^L n _i+L n (an)^o 

where ho £ ker(7Ti) fl Hl 1 -l 2 - 

If 7Ti(/i) = I m+n , we have a\ — a 2 — ■ - - — a n _ 2 = 1 and a n _i = a n = 
±1. Thus we have 



h = h or h = h Ln _^ Ln (-l)h Ln _ l+Ln (-l). 
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Notice 

^i n _i-L n (-l)/il, n _ 1 +i, l ( — 1) 

= ^L 1 -L„(-l)(^„_ 1 -L n (-l)^_ 1+ L„(-l))^ 1 -L„(-l)" 1 

= w Ln _ 1 _ L Jl)w Ln _ 1 _ L ^l)w Ln _ 1+L Jl)w Ln _ 1 _ Ln (l)u' Ln _ 1+Ln (l) 



(/iL„_ 1 -L n (-l)^L„_ 1+ L n (-l)) 



-1 



Thus we have (/ii n _ 1 -i„(— l)^L n _ 1 +L n (— 1)) = e. Thus we proved the 
case for m = n. 

If m = n + 1 by Lemma |6.4[ ker(7Ti) C (IlreA^ - ) s > wri ere A = 
{U - Lj +1 ,L n _! + L n }. Further, by Lemma [631 V/i G (H reA H r )-H a 
can be written as 

h = h Ll ^ L2 (a 1 )h L2 - L3 (a 2 ), hL n _ 1 -L n {a n -i)hL n - 1 +L n {0'n)hihQ 

where ho G ker(7ri) R Hlx-l^ and /ii G 

If 7Ti(h) = I m+n , we have a x = a 2 = • • • = a„_ 2 = 1, On-i — a n = ±1 
and ■K 1 {h 1 ) = I m+n . 

If a„_i = a n = 1, we get h G (ker(7ri) n H s j ■ (kei^) n H Li -l\ 
If a„_i = a n = —1, we have 

^L(-i,o) 

= ^„_ 1 -l„(-1)*l„(v / 2,0,...,0) 

(6-4) = h Ln ^i n (-l)hL n - 1+ L n (-l). 

Thus we still get h G (ker(TTi) n H s } ■ (ker(TTi) n H Ll _ L ^. 

Notice ker(7Ti) D H s is the 2-cyclic group generated by h\ (— 1) by 

the fact (hi (— 1)) 2= e from lemma [6751 Thus we proved the case for 
m — n + 1. 

If m > n+2, by Corollary 16. 1[ ker(7Ti) C ^[reA Hr) H So , where A = 

{Li - L i+1 , L n _i + L n }. Further, by Lemma [631 V/i G (iLeA ^ 
can be written as 

h = h Ll ^ L2 (a 1 )h L2 _ L3 (a 2 ), ft.L n _ 1 -L n (an-i)^i n -i+in( a n)^i^Q 

where /i G ker^) fl H Ll _ L , 2 and foi G -ff, . If 7Ti(/i) = I m+n , we have 
0l = a 2 = • • • = a n _ 2 = 1, a n _i = a n = ±1 and 7Ti(7ii) = I m+n . 

If a n _i = a„ = 1, we get h G (ker(7ri) n H so j ■ (ker^) n H Ll _ L2 ^. 
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If a n -i — a n = — 1, by (16.41) we still get 

h E (ker(TTi) n if so ) ■ (ker(7ri) n H Li -l 2 ) ■ 
By Theorem ker(7Ti) fl H So = ker(7Ti) fl H 1 . Thus we have proved 
ker(vr 1 ) = (ker( 7 r 1 ) n H l ) ■ (ker^) n H Ll -L 2 ) ■ 
Hence we proved Theorem H] completely. 



7. Generating relations of SU (m, n) 

7.1. Basic settings for SU(m,n). In this part, we study the gener- 
ators of SU(m,n) where m > n > 3. we use a to denote complex 
conjugate of complex numbers, vectors or matrices. We use notations 
as in Section 13.31 and Section [51 Explicitly, this is the case where 
G = SU(m,n)(C, H) with H a non-degenerate standard hermitian 
form of signature (m, n). 

In the sequel we freely use the notation of previous part without 
confusion. We denote by set S the the (m + n) x (m + n) real diagonal 
matrices in Gr with lower-right (m — n)x (m — n) block identity. Let $ 
be the root system of G with respect to S. The roots are ±Lj ± Lj (i < 
j < n), whose dimensions are 2 and ±2Lj(z < n) whose dimension is 
1. Also the ±Lj(i < n) are roots if m / n with dimensions 2(m — n). 
If m — n > 1, the set of positive roots $ + and the corresponding set of 
simple roots A are 

$+ = {Li - Lj} i<:j U + L 3 } i<3 U {Liji U {2Li}i, 
A = {Lj — Lj + i}j<j U {L n }; 

if m = n, the set of positive roots $ + and the corresponding set of 
simple roots A are 

$+ = {Li - Lj} iK j U {Li + Lj}i<j U {2L,},, 
A = {Li — L i+ i}i U {L n _i — L n }j. 

Correspondingly, if m — n > 1, the set of $i are ±Lj ± Lj(i 7^ j), ±L»; 
if m = n, the set of $1 are ±Lj ± Lj(z 7^ j). 
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We use ek,e to denote matrix with (k,£) element 1, otherwise 0. We 
denote 



J Li~\-Lj 

fh 



■'ijj+n 



^j,i+n)i<j, 



fl 

J — L'i — Lj 

(f- Li )i 



•2 

L{-\-Lj 
■2 

Li Lj 



+ e 



i+n,j )i<j j 



( e i,2n+^ + e 2n+^,«+n)i<m 
( e i+n,2n+^ + e 2n+£.j)i<m 



(e^j ej-|_ n) j_|_ n )j^j, j 

( e j+n,i ~ &i+n,j)i<j-i f—Li—Lj 
{&i,2n+t ~ ^2n+t,i+n)l<m-ni if Li)? 
(ej+ n ,2n+£ — e2„+£ ) j)^< m _„, {f-Li)^ 

For any complex number z, we use r(z) to denote the real part and 
i(z) to denote the imaginary part. Thus we have 

E£ ={exp (r(z)f l r ) exp (i(z)/ r 2 ) | z G C} for r = ±L t ± L,(z < j), 

u r ={ ex P((^ - ^2r(a j )i(a j ))f 2a ) exp(r(ai)(/*)i)exp(i(oi)(/*) 2 ) 

i 

, . . • ,exp(r(a m _„,)(/-- n )i)exp(^(a m _ n )(/ Q m -") 2 ) 
I a = (a x , . . . , a m _ n ) G C m ~™, t G R} for a = ±L { . 

Correspondingly, for t G R, 2 G C and a = (oi, . . . , a TO _ n ) G C m_ri we 
write 

x r (z) =exp {r(z)fl) exp (i(z)/ r 2 ) G U£ for r = ±L< ± Lj(i < j), 
x a (t,a) =exp((t - ^2r(a j )i(a j ))f 2a ) exp(r(ai)(/*)i)exp (i(ai)(/*) 2 ) 

3 

, . . . ,exp(r(a m _ n )(/r n )i)exp (i(a m ^)(f^ n ) 2 ) G 
for a = ±Lj. 

Notice if a = 0, x a (t, 0) = exp(t/ 2a ). 

7.2. "Chain" in SU(m,n) and basic relations. Our next step is 
to determine explicitly the "chain" (cf. Lemma f5.ip corresponding to 
the element x a (t, a)(^ e) G U$(a = ±Lj) where a = (ai, . . . , a m _ n ) G 

We determine the "chain" for x a (0,a) at first. For this, define / : 

C m-n\ ^ C m-n\ Q by = . . . ? gp) f or a = ( aj 

C m ~ n \0. With this notation, we have: 



j Q"m—n ) G 



Lemma 7.1. For x Q (0, a)(^ e) G i7|f(a = ±Lj) ; the "chain" corre- 
sponding to it is given by 

Xi = x a (0, a), i G Z; = x_ Q (0, /(a)), i G Z. 



46 ZHENQI WANG 

Denoting the element w a (x a (0,a)) by w a (0,a), we have 
w a (0, a) = x a (0, a)x_ a (0, f(a))x a (0, a). 

Proof. It is easy to check {X, Y, [X, Y] } span a three-dimensional Lie 
algebra isomorphic to SX 2 (R), where 

j 

Y = 2r(a j )(f'_ a ) l + 2i(a J )(fi a ) 2 

Ekl 2 

And we have 

exp(X) = x a (0, a), exp(— Y) = x a (0, f{a)). 

Thus by Remark 15.11 we get the conclusion. □ 

Remark 7.1. Similar computations can be made for the other roots, 
such as ±Li ± Lj{i < j), ±2Lj. We record the results here: 

w r (z) = x r (z)x^ r (—z~ 1 )x r (z), z G C*, r = ±Lj ± Lj(i < j), 

where 

Xi = x r (z)Vi, yi = x^-z^yii. 

wp{t) = w a (t, 0) = x a (t, 0)x^ a (t~ 1 , 0)x a (t, 0), t G R*, (3 = 2a, a = ±L i; 
where 

Xi = x a (t, 0)Vi, yi = a;_ Q (i _1 , 0)Vi. 
Correspondingly, we define 

h r (z) = Wr^Wril)^ 1 , Z G C*, T = ±£j ± Lj(l < j), 

hp(t) = wp^wpil)- 1 , t G R*, (3 = ±2L it 
h a ((0, a), (0, &)) = w a (0, a)w a (0, b)~ x , a, b G C m_n \0, a = ±L t . 
Using the same notations as in Remark 16.11 we have: 
wii-L^z) = p(7r)diag((-z _1 ) i ,2; i , {-z) i+n , {z~ l ) j+n ), for z G C* 
where 7r only permutes and (i+n, j + ri) while fixes other numbers. 
w Li+Lj (z) = p(vr)diag((-2~ 1 ) i , {z~ x ) j: (-z) i+n , z j+n ), for z G C* 
where 7r only permutes (i,j+n) and (j, z+n) while fixes other numbers. 

w Li (0,a) =p(7r)diag((-2|a|- 2 ) i ,(-i|a| 2 ) l+n , J B 2n+1 ), for a G C m_n \0, 
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where B G U{m — n) and n only permutes (i, i + n) while fixes other 
numbers. 

W2Li{t) = P(7i")diag((t _1 i) i , (ti) i+n ), for t G C, 

where tt only permutes + n) while fixes other numbers. 

Definition 7.1. We can now define elements x r (z), x@{t), x a (t,a), 
w r (z), wp(t), w a (0,a), h r (z), hp(t), h a ((0,a),(0,b)) etc. as was done 
in Section 15721 We denote by W r (r = ±L { ± Lj,i < j) the subgroup of 
G generated by w r (z), H r (r = ±Li±Lj,i < j) the subgroup generated 
by h r (z). 

Also, by Lemma T5.3[ it is clear that certain relations hold both in G 
and (jr. We record these results in 2 separate lemmas(Lemma 17.21 and 
Lemma 17. 31) . since they will serve as ready references later. 

Lemma 7.2. If a G C m ~ n \0, z G C* ; t G R* the following hold in G: 

1 w Ln {0,a)w Ln _^ Ln {z)w Ln {0,a)- 1 = w Ln _ 1+Ln {-\\a\ 2 z), 

2 w Ln (0, a)w Ln _ 1+Ln (z)w Ln (Q, a)- 1 = w Ln _^ Ln {-2\a\' 2 z), 

3 w in _ 1 _ i „(2;)wr Jn (0,a)% n _ 1 _ I/n (^)- 1 =w Ln _ 1 (0,az), 

4 ^i„_i-L„(^)w I/n _ 1 (0,a)wi Jn _ 1 _i„(2;)- 1 =w Ln (0,-az- 1 ), 

5 w Ln _ 1 - Ln (z)w 2 L n (t)w Ln _ 1 .. Ln (z)- 1 =w 2Ln -M z ?), 

6 t52L n (*)WL„_ 1 -L„(«)l52L n (<)~ 1 =l5 in _ 1+ L n (-*zi). 

ifence, 

6 ^L»_ 1 -L n (5)w 2L „(t)^ Ln _ 1 _ Ln (z)- 1 = w 2Ln (tkl~ 2 ), 

7 w L „(0,a)/i in _ 1 _ in (z)wi„(0,a)- 1 

= h Ln ^+L n {-\\a\ 2 z) h Ln - 1+ L n (-fM 2 )~\ 

8 w 2i „(t)A in _ 1 _ in (2;)«j 2in (f)- 1 = /iL n _ 1+ L n (-^i)^L n _ 1 +L n (-ti) _1 - 

We denote by S 1 ^ the sphere in W +1 and by Sq the sphere in C ,+1 . 
Let W s be the subgroup generated by Wi n (0,y/2a), a G S^ n ^ 1 . If 
a = (ai, . . . , a n ), then 

tti (*l„ (0, \/2a)) = p(7r)diag((-l)„, (-l) 2n , S 2ri+ i) , 

where 7r permutes n and 2n while fixes other numbers and B G U (m—n) 
with entries B it j = — 2ajaj, for % ^ j and B iti = 1 — 2|aj| 2 . Then B is a 
reflection in the hyperplane orthogonal to a. Thus for any w G W s , 

n x (w) = p(7r)diag((-l)^ (-l)L, iW), 

where 5 = 2 if p(tt) = I m +n and B G SU{m — n); 5 = 1 if p(7r) 
permutes n and 2n and and B G U(m — n) with determinant —1. 
Without confusion, we identify 7ri(w£ n (0, v2a)) and .B. 
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Arguments similar to those in Lemma 16731 show the following lemma: 
Lemma 7.3. If w E W s , tt^w) = p(ir) diag((-l)£, 1, (-1)^, B 2n+l ), 



5=1 or 2, B G U(m -n), oG ; b G 



(7.1) ww Ln {Q,V2a)w- 1 

(7.2) wx Ln {t,b)w- x 



t G M* then 
ifp(n) = I m+n , 

ifp(n) = Im+n, 
ifp(n) ^ Im+n- 



w Ln (0,V2B-a), 

w Ln (0,-V2B-a), 

x Ln (t,B- b), 

x_ Ln (-t,-B-b), 

where ■ means linear operation on vectors. 

We now determine the "chain" for x a (t,a). 

Lemma 7.4. For x a {t,a)(^ e) G U^(a = ±L n ), the "chain" corre- 
sponding to it is given by 



Vi 



a (t,a l a l a),i G Z; 
- a (\a \~ 2 t 



) , i G Z, 



where a = — \\a\ 2 + ti. Denoting the element w a (x a (t, a)) by w a (t,a), 
we have 



w a (t, a) = x a (t, a)x_ Q (|ao| 2 t, —% 1 a)x a (t, a a 1 a) . 
Proof. For a, we can find B G SU(m — n) such that B -a = (\a\ 



0). 



Denote (|a| 
'c 



h G S™-"- 1 



. . . , 0) by a'. By remarks after Lemma \7.2\ we can find 
such that 



(J]w Q (v / 26 i )) = B. 



Let w = Y\i w a (^/2bi). Using Lemma [7.31 we have 



wx a (t, OqOq l a)x_ a (|a |~ 2 t, — a^aQ *~ 1 a)x Q , (t, aQ +1 a,~~ l ~ 1 a)w~ 1 
= x a (t, aQaQ*a / )x_ Q ,(|a |~ 2 t, — aQa _4_1 a / )a; a (t, a 1 ^ 1 a^ 1 ^ 1 a'^j . 
In [jS], p. 30], it was proved 



w a (t,a') = x a (t,a l a ' l a'^x_ a (\a \ 2 t,—a l a l 1 a')x a {t, ag +1 a * 1 a / ) G N(S)s 

and in fact acts as the reflection with respect to a. Since u> G Z(S)k, 
it follows that x_Q,(|ao|~ 2 ^ — ala^^a) = y i: and x a {t, aQ +1 ao*~ 1 a) = x» 
are the "right" elements in the chain of x Q (t, a) and 

w a (t, a) = x a (t, a l aQ l a) X- a (\ao\~ 2 t, — a^a^ 4_1 a)x Q (t, a^a^a) . 
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And we have 

w a (t, a) = w~ w a (t, a!)w. 
Repeating the argument, we find that 

w a (t, a) = X- a (|ao|~ 2 t, — apOg (t, a 1 ^ 1 a^ 1 a) x - a (jao\~ 2 t, —a^a^ 1 '' 

This proves the lemma completely. □ 

Definition 7.2. Denote WL n {t, z) = WL n {t, z,Q,...,0) for (t, z)e(lx 
C)\0. Let Wl„ be the subgroup generated by all WL n (t, a) where (t, a) G 
(RxC m_n )\0 and H Ln the subgroup generated by all u>£„(ti, ax)wi, n {t 2 , d 2 )~ 
where (t 1 ,ai), (t 2 ,a 2 ) G (R x C m ~")\0. Denote by W u the subgroup 
generated by wi n {t, z), where (t, z) G (R x C)\0 and denote by H u the 
subgroup generated by all w Ln (t l: zx)w Ln (t 2 , z 2 )~ % where (t 2 , z 2 ) G 

(R x C)\0. Denote by W 7 !, the subgroup generated by u>£„(0,a) where 
a G C m ~ n \0 and denote by H v the subgroup generated by wl„ (0, a)wi n (0, 6) 
where a, b G C m ~ n \0. Letjl^, #l„, W u , W v , H v and F u be the cor- 
responding subgroups in G. 

For (t, a) G (R x C m -")\0, where a = (a 1; a n ). a = -||a| 2 + ti 
then 

7Ti(t&L„(t,a)) = p(vr)diag((ao 1 ) n , (a ) 2n , 5 2n+1 ) , 

where 7r permutes n and 2n while fixes other numbers and B G U(m — 
n) (determinant of B is — OoOq 1 ) with entries B^j = ci^ajaQ , for i ^ j 
and Sj j = 1 + |ai| 2 Oo . Without confusion, we identify iri(iVL n (t, a)) 
and B. The following lemma are proved easily by computations using 
the Steinberg's relations [[21], P- 40] or by using Lemma [5.31 

Lemma 7.5. For (t, a), fa, b) G (RxC m -")\0, z G C* ; m {w Ln {t, a)) = 
p(ir) diag((ao 1 ) n , (o )2n> B 2n+1 ) where a = (-\\a\ 2 + ti) . we have 

1 w Ln (t, a^L^h^^L^t, a)- 1 = W-L n (t 1 \a \- 2 } ao 1 B -b), 

2 w I ^(t,a)w Ln _ 1 -. Ln (z)w Ln (t,a)- 1 = w Ln _ 1+Ln (za^), 

3 w Ln (t, a)w Ln _ 1+Ln (z)w Ln (t, a)- 1 = wl^l^z^ 1 ) , 

4 ^L n _ 1+ L n (^)w Ln (t,a)w Ln _ 1+Ln (z)- 1 = w-l^^zY- 2 ,^ 1 ^, 

5 ^L n _ 1 -L„(^)w Ln (t,a)w Ln _ 1 _ Ln (z)- 1 = iD^iCt^P^a). 

Notice when m > n + 1, WL n (t, 0) = w 2 L n {t) where t G R*. 
For -21,-22 G C*, we define: 

{ z i-,z 2 } = h Ll _ L2 (zi)h Ll _ L2 (z 2 )h Ll _ L2 (ziZ 2 ) 1 . 

In exactly the same manner as proofs of Lemma 16.51 and 16.61 we have 
the followings: 
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Lemma 7.6. 



(1) ker(Tn) nH Ll - L2 = {[[h Ll -L 2 (zi) | with \\z t = 1}. 

i i 

(2) ker(7Ti) n H r = ker(7Ti) n H Ll _ L2 , for r = ±L; ± Lj(i ^ j). 
Lemma 7.7. 

{zi, z 2 } = {z 2 , ziY 1 V^i, z 2 E C, 
{zi, z 2 ■ z 3 } = {z u z 2 } ■ {z u z 3 } Vz lt z 2 , z 3 E C*, 
{zi ■ z 2 , z 3 } = {zx, z 3 } ■ {z 2 , z 3 } \/zi, z 2 , z 3 e C, 
{z,l-z} = l VzeC*,z^l, 
{z,-z} = l Vz G C*. 

Thus we define a symbol on C. 



7.3. Structure of ker(7Tx). If m > n + 2, for any (a, 6) 6 Sq, j < 
m — n — 1, we define 

hi (0, v^a, a/26) = w Ln {0, . . . , 0, v^a, a/26, 0, . . . , 0) 

3+1 i+2 

• «} in (o,...,o,-V2,o,...,o). 

j'+i 

Let H SQ denote the subgroup generated by h 3 L (0, Vza, a/26), ((a, 6) e 
5^) and Hq denote the cyclic group generated by h 2n {— l)h 2n (— 1) and 
H c denote the cyclic group generated by h 2n (— 1). 

An important step in proving Theorem is: 

Theorem 8. If n < m < n + 1, ker^x) = (ker(7Ti) fl H^-l^-Hq; if 
m>n + 2, ker(TTi) = (kerfa) H H Li -l 2 ) • #o • (ker(TTi) n F so ) . 

The proof of this theorem relies on the following result. Recall the 
notation set in Definition 17.21 We have 

Lemma 7.8. (i) H 2Ln C H Ln ^-L n • H Ln _ 1+Ln ■ H c . 

(ii) ker(7Ti)_n # 2Ln C (ker(vn) n # Ll - ia ) • ff . 

(iii) C H Ln ^ Ln ■ H Ln _ 1+Ln ■ H So . 

(iv) ker( 7 r 1 ) n H v C (ker(vr 1 ) n H Ln ^-L n ) • (ker(*i) n 

(v) ker(Tn) n F L „ C (ker(7n) n tf^-ij ■ #o • (kerfa) n #«o) 
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Proof, (i) Using Lemma E21 for Vt G E*, let zeC such that |*| = |t|. 
We have 

^2L n (0 = w 2Ln (t)u» 2Ln (-l) 

= ^i-u(«"^)lS 2 L n (t|«r 1 )^L n _ 1 -L n (2;"^)" 1 TZ>2in(-l) 

If £ > we have 

^_ 1 -L„(^^)w 2in (^|- 1 )^ n _ 1 _ Ln (z-^)- 1 w 2in (-l) 

=/li„_ 1 -L„(^"^)(w 2 L„(l)^ n _ 1 -i, l (^^ _1 W 2 L„(-l)) 
= /iL n _ 1 -L„(^^)^L n _ 1 +L, l (-i)/iL n _ 1 +L„(-^^) _1 - 

If t < we have 

^L„_ 1 -L n (^"^)^2 J L„(^r 1 )^„_ 1 -L n (^^)"W„(-l) 
= ^L n _ 1 -L„(^"^)*2L II (-l)/iL n _ 1 -L n (^^) _1 W 2Ln (-l) 

= /iL n „ 1 -L„(2;"^)^L n „ 1 +L n (i)/iL n _ 1 +L„(^^i) _1 ^2L, l (-l)- 

Especially, if t = — 1, we have 

e = ^L n _ 1 -L„(^)/iL n _ 1 +L n (i)^L n _ 1 +L n (2i) _1 , 

for V;z G . By Lemma 17.61 we have 
then it follows 

(7-3) K^-uX^hL^+LA^ 1 ) e ker(7r 1 ) n # Ll -L 2 

for Vz G S^. Hence we proved (i). 

(ii) By Lemma [7.61 and (i), any h G H 2 l„ can be written as 

h = hL n ^~L n { z i)~ h L n . 1 +L n {z 2 )h l h2 

where Zi, z 2 G C*, hi G ker^x) PI Hli-l 2 an d h 2 G H c . 

If 7Ti(/i) = J TO+n , we have z x = zi = zT/ 1 , and 7r x (A 2 ) = J TO+n . By 
(17.31) we have 

h Ln _ 1 -L n (z 1 )h Ln _ 1+Ln (z 2 ) G ker(7ri) n i^-^. 



Notice 7Ti(/i 2n (-l)) =diag((-l) n , (-1) 2 „), it follows /i 2 = (/i 2n (-l)) 
fceZ. Hence we proved (ii). 

(iii) Notice for (a, 6) G S^, we have 

7Ti(^i n (0, v^a, V2b)) = diag(R 2n+j ), 



2k 
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where 

o _ f W 2 ~ \b\ 2 -lab \ 
Kj ~ \ 2ba \a\ 2 - \b\ 2 J ■ 

Then ^(^(0, y/2a, y/2b)), j < m — n — 1 generate a subgroup iso- 
morphic to SU (m — n). Using Lemma 17.51 similar to proofs in Lemma 
16.41 and Corollary 16.11 it follows 

H v C H Ln _^ Ln ■ H Ln _ 1+Ln H SQ . 

(iv) By Lemma [7.61 and (hi), any h G H v can be written as 

h = h Ln _ 1 . Ln (z 1 )h Ln _ 1+Ln (z 2 )h l h2 

where z%, z 2 G C*, h\ G ker^x) fl H Ll _ L , 2 and h 2 G H SQ . 

If 7ri(/i) = J m+n , we have z 1 = = zf 1 , and 7Ti(/i 2 ) = im+n- Along 
the line in proof of (ii), we get (iv). 

(v) By Lemma El for V(t, a) 6 (fx C m ~ n )\0 we can find iu G fi„ 
such that 

Wl„(M) = w~ l w Ln {t, \a\)w. 
Using Lemma I7.5[ for any W\ G W u we have 

wiWyWi 1 C U 7 ^ and wiHyiu^ 1 C 
Thus it follows 

^ ^t) • fi«- 

Then any h G fii n can be written as h = h v h u where h v G H v and 
h u G ii^. 

If 7Ti(/i) = I m +n we have it\{h u ) = 7Tx(h v ) = i m + n . Thus it follows 
that ker(7T!) n H Ln C (ker(7Ti) fl fi„) • (kerfa) n fi u ). 

In [[6], p37-p59] Theorem 2.13 asserts that if m — n + 1, ker(7Ti) = 
ker7Ti) n H 2 L n - It follows ker(7Ti) n H u C ker(7Ti) fl H 2 l„- By (ii) and 
(iv) we get (v). □ 

Proof of Theorem [S] 

If m — n, by Remark 15.21 ker(7Ti) C (HreA ker^) fl H r ) where A = 
{Li-L i+1 ,2L n }. By Lemma E3 ker(7r 1 )niT Li _ Li+1 = ker(7r 1 )nH" Ll _ Z/2 . 
By Lemma [7.81 (2), we are thus though this case. 

We are though the case m = n + 1 by referring to [[6], Theorem 2.13] 
which asserts that if m = n + 1, ker^) = ker^) fl H 2 i n . 

When m > n + 2, by Remark I5.2[ ker(7Ti) C (IIr6A^ ;er ( 7ri ) ^ H r ) 
where A = {Li — L n }. Along the line in proof of the case m = n, 
and by Lemma [7T8l (5), we are though this case. 
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7.4. Construction of ^-symbols. We now proceed with the study 
of ker^x) D H SQ when m — n > 2. Up to Lemma 17.101 we study 
properties of w Ln (0, y/2a)(a G SfT*- 1 ) and h\ n (0, y/2b, \/2c) ((&, c) G 
S* 1 ) which build up the whole if So , and construct new symbols on 
to get prepared for further study of ker^x) H i/ so . 

Definition 7.3. Recall that the subgroup generated by wl„(0, \/2a), 
where a G S 1 ™ - ™ -1 . We will do calculations inside W s until the end of 
Section I7T61 For the sake of simplicity, we denote wl„(0, y/2a)(a G 

5-m-n-l) by ^ (a); ^ (0) ^ v ^ 6)(a> 6 e 5.1) by ^ (a? 6) 

Lemma 7.9. For (a,b), (c,d) G S^, v G S^, we /iave 

(lK>,0)=e, 

(2)[^ n (a,6),^(c,d)] 

= ^ ((a 2 - b 2 , 2ab) ■ (c, d))K Ln {a 2 - b 2 , 2ab)~ 1 ~h l Ln (c, d)' 1 
= ti Ln (a, b)hl n (c 2 - d 2 , 2cd)hi n ((a, b) ■ (c 2 - d 2 , 2cd))'\ 



(3)[hi n (a,bi),hi n (c,di)\ 
=~hl n {(a 2 - b 2 , -2abi) ■ (c,di))~hl n (a 2 - b 2 , -2abi)- l W Ln {c, di)' 1 
=hl n (a, bi)ti Ln {c 2 ~ d 2 , -2cdi)W Ln ((a, bi) ■ (c 2 - d 2 , -2cdi)) \ 

where the ■ follows multiplication rule among quarternions if we identify 
any quarternion (x + yi + z] + wk) with (x + yi, z + wi) . 

Proo/. (1) Notice Tn(hi n (v, 0)) = J m+n for any v G Sg. For Vw G S£, 
choose h G iJ S0 such that 7r 1 (/i)=diag(M 2 n+i, M2n+«+i), we have 

^(«,0) = WiS m (t;,0)h- 1 

= w Ln (0, (uv) h 0)u> Ln (0, . . . , -u i} . . . , 0) 

= ^ n (^,o)^( M ,o)- 1 . 

Thus for any u, v G S^, we have 
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Thus we have 

hl n (-v 2 ,0) = hi n (v,0)ti Ln (-v,0) 
= w Ln {0,...,v i ,...,0)w Ln {0 7 ...,{-l) i ,...,0) 
■w Ln (0,...,(-v) h ...,0)w Ln (0,...,(-l) i ,...,0) 
= w Ln (0, (-l)i, • • • , 0)* Ln (0, . . . , (-1),, . . . , 0) 

= ^(-1,0). 

Since h l L (— i 2 ,0) = h l L (1,0) = e, we thus proved (1). 
(2) and (3) By Lemma [7.31 we have 

h l Ln (a, b)w Ln (0, ...,c h d i+1 , . . . , 0)h l Ln (a, by 1 

— WLnica 2 — cb 2 — 2dba, da 2 — db 2 + 2cba) 

^L( a ' &i )*in(0, • • . , Ci, di+ii, 0, . . . ,0)^ L)i (a,6i) _1 

= w^ n (ca 2 — cb 2 + 2dba, (da 2 — db 2 — 2cba)i). 

Similar to the proof of Lemma [6 .7\ we get (2) and (3). □ 

Lemma 7.10. ForVv G S^, Va G S™~ n ~ l we have w Ln (a) = w Ln (va). 

Proof. For v G Sg a = (o x , . . . , a n ) G S™^ 1 , define / : S^™" 1 xSg -> 
S'c"" -1 to be /( a >flO = (( 2 l a i| 2 - l)g,2ga 2 a-[, . . . ,2ga n a~[). It is easy 
to check / is surjective. Using Lemma 17.31 and Lemma 17.91 for any 
u,v G S® we have 

= w Ln (u, ...,0)w Ln (v,...,0) 
= w Ln (a)w Ln (u, . . . , 0)w Ln (v,..., 0)w Ln (a)" 1 
= w Ln ((2|ai| 2 - l)u,2ua 2 al, . . . , 2ua n af) 
■ w Ln ((2|ai| 2 - l)v,2va 2 a{, . . .,2va n aT). 
Thus we proved the lemma. □ 
For (a, 6), (c, d) G S\ we define: 

{(a, 6), (c,d)>! = hi n ((a,b) • (c,d))/ii re (G,6)- 1 ^( C ,d)- 1 , 
{(a, 6), (c,d)} 2 = ^ n ((a,6i) • (c, di))h^ n (a, 6i) -1 ^ n (c, di) -1 . 
Let z, j be distinct, and let 

a/2 a/2 
w = w Ln (0, . . . , ( — — . . . , (— )j+i, . . . , 0) 

•™Uo,...,(-^)*,---,(^);,o,...,o). 
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By Lemma 17.31 for V(w, v) G we have 

w~h l Ln {u,v)w~ l = h 3 Ln {u,v). 
Since {(a, b), (c, d)}f G Z(G)(<J = 1, 2), it follows that 
Lemma 7.11. 

{(a,b),(c,d)} s = {(a,b),(c,d)}t 5=1,2, 
are well defined. 

Using Lemma I7.9[ in exactly the same manner as the proof in the 
appendix of [8], we prove that these {(a, b), (c, d)}'s satisfy the condi- 
tions 

Lemma 7.12. For all (a, b), (c, d), (ai, (ci, cfi) G Sjj and 5 = 1,2 
we /iai>e: 

{(a,6),(c,d)} 5 = ({(c,d),(a,6)} 5 )- 1 , 
{(a, 6), (c, d) ■ ( Cl , dx)} 5 = {(a, 6), (c, d)} 5 ■ {(a, 6), (c 1; c^)}*, 
{(a, b) ■ (a 1; 60, (c, d)} 5 = {(a, 6), (c, d)} 5 ■ {(a x , (c, d)} 5 , 
{(c,d),(-c,-d)} 5 = l. 

Thus we define 2 symbols on S 1 ^. Denote by H sym The subgroup 
generated by these symbols. 

7.5. Structure of if*. Let Hq be the subgroup generated by h l Ln (a, 6) ((a, 6) G 
Sjj), if| be the subgroup generated by h l Ln (a,bi){(a,b) G S^j and if 1 
the subgroup generated by h l {u, v) ((u, v) G S^). Using Lemma 17.111 
along the line of proof of Lemma 16.91 We get the following: 

Lemma 7.13. 

(1) ker^x) n H'g = kerfa) n Hj j < m - n - 1, 5 = 0, 1, 

(2) ker(Tn) n Hj = H sym n Hj 5 = 0,1. 

We now make a slight digression to state a fact and prove a lemma 
whose roles will be clear from the subsequent development. However, 
the fact and the lemma in themselves seems to be interesting. 

Fact 7.1. If -K 1 (w Ln (a)w Ln {b))= C, where a, b G S^" 71 ' 1 . Then we 
have 

4|(a, b)\ 2 + m - n - 4 = trace(C), 
where (a, b) = a ■ b is the inner product of a and b. 

Denote w 3 L (a, b) = wl„(0, . . . , dj, fej+i, 0, . . . , 0) where (a, b) G S^. 
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Lemma 7.14. // ((ai, a 2 ), (61, 6 2 )) = ((cj, c 2 ), (di, d 2 )), where (ai,a 2 ), 
(61, 6 2 ), (ci,c 2 ) ; (di,d 2 ) £ Sc> ^ ere exzsfo g G and ft G S'?7(2) swc/i 
that 

h ■ (ai, a 2 ) = (fl-ci, #c 2 ), ft • (61, 6 2 ) = Mi, #d 2 ). 

Proof. We first consider the case (ci,c 2 ) = (1,0). Direct calculation 
shows for any g G Sq, if we let 

aTg 02# 
-a 2 g aip 

then 

h ■ (ai,a 2 ) = (gci,0), 

ft- (61,62) = (flf(aT6i + a^b 2 ),g{-a 2 g 2 b 1 + a{g 2 b 2 )). 
Since ft preserves inner product, we have 

(ft • (ai, a 2 ), ft • (6 X , 6 2 )) = ((ci, c 2 ), (dj, d 2 )) = d x . 



Thus it follows Oi&i + 0^62 = di, \—a 2 b 2 + ai6 2 | = a/1 — |di| 2 = |c? 2 |- 
Hence we can choose right g such that —a 2 g 2 b 2 + a{g 2 b 2 = d 2 . We thus 
proved the case for (ci,c 2 ) = (1,0). 

If (ci,c 2 ) 7^ (1,0), there exists h! G SU{2) such that ft' ■ (ci,c 2 ) = 
(1, 0). Then we reduce it to previous case. We hence proved the lemma. 

□ 

An important step in proving the main Theorem [5] is: 

Theorem 9. ker(7ri) H H 3 ' = H sym for Vj < m — n — 1. 

The ensuring discussion up to Lemma [7.161 proves the theorem. Re- 
call the definition for W s in Definition 17.31 Consider the quotient group 
W s /H sym until the end of Lemma 17. 161 Note that H sym being central, 
this is well defined. We continue to write h 3 L (a, 6) ((a, 6) G S^) and 

^i„( a )( a e 5'c l ~ ,l ~ 1 ) f° r their images in Ws/i7 S2/m . However, there is 
no confusion in doing so. 

Lemma 7.15. Let g±,g 2 : [0,27r] 2 — > Sq be defined as follows: 
gi (a,b) = (cos a cos b — sin a sin 6i, cos a sin b — sin a cos 6i) , 
g 2 (a, b) = (cos a cos 6 — sin a sin 6i, sin a cos 6 + cos a sin 6i). 

For any a,b,x G [0,27r], i/iere exist c,d,y, c\,di,yi G [0, 2tt] such that 

( 1 ) ^L n (92(a,b))w{ n (cosx,sinx) = ^(^(c, d))w 3 Ln (cosy, sin yi), 

( 2 ) ™L (#i (°> & )) *L ( cos x ' sin xi ) = ™Ln (92 (ci , di)) uP Ln (cos , sin y t ). 
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Proof. (1) Fix j. At first, we want to show that there exist (zi, z 2 ) G Sq 
and y G [0, 2n] such that 

(7.4) 

tti (wi„ (^j(a, b))wi n (cos x, sin x)) = n x {w{ n (z 1} z 2 )w J Ln (cos y, sin yi)) . 

Suppose 7Ti (<?2(°> ( cos x ) srn ^)) is given by the following ma- 

trix 

" a_ (3 s 

If a G R, (3\ G M, there is nothing to prove. 

Now suppose (a,/3) ^ RxRi. If a g R, (3 £ Mi, let u = t(l-a 2 +p 2 ), 
v = !*LM w here t G R satisfying \v\ 2 + \u\ 2 = 1; if a £ R, pi G R let 
it = toi, f = "flj? where £ G R satisfying \v\ 2 + \u\ 2 — 1; if a G R, 
/? £ Mi, let u = tp,v = where i G R satisfying |v| 2 + |w| 2 = 1. 

Let R be the following matrix 

v u 
u —i 

then we have R ■ (a, —f3) G R x Ri. Thus there exists y G R such that 
R ■ (a, —p) = (— cos2y, sin2yi). 

Let fa,**) = if 1; (z 1; z 2 ) = (0,1) if 

v = 1, then we have tti(w j l (z x , z 2 ))= R and 

(™L n (#2(0, 6))«5i B (cos x, sin x)) = 7Ti (ri^fa, z 2 )w 3 Ln (cos y, sin yi)) . 
Next, we want to show there exists (c, d) G R 2 such that 

^{^l„(9i(c, dj))= 7Ti(w 3 Ln (zx,z 2 )). 

By Lemma 17.101 we just need to show there exist (c, d) and z G Sq 
such that gi(c,d) = (zzi,zz 2 ). Notice z\ G R. Let A denote the 
following matrix: 

7 cose sinci N 
sinci cosc^ 

If z 2 G R, let sine = 0, z = 1, then A ■ (zzi, zz 2 ) G S^. If Z\ = 0, let 
sine = 0, z = ^j, then A ■ (zzi, zz 2 ) G S^. 

Now suppose z\Z 2 7^ and z 2 ^ R. If 22 G Mi, then (zi,z 2 ) = 
(cosr, sinri) for some r G R. Let 2 = 1, c = — r, then A-(zz\, zz 2 ) G 5^. 

Now suppose Ziz 2 ^ 0, z 2 ^ M and z 2 ^ Mi. Let z 



cote = ( 22 ^+ Z2:2 ) 1 (notice in this case z\ — z^ 2 7^ and ~zz\ — zz\ 7^ 0), 
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then we have A ■ (zz±,zz 2 ) G S^. Let d G R satisfying (cos d, sin d) = 
A ■ (zzi, zz 2 ), then g\(c, c?) = (2^1, zz 2 ). 

Hence we proved that for any given a, b, any x we can find (c, d) G 
[0, 27r] and y G [0, 27r] such that 

tti (™z n (</2(o, (cos x, sin ar)) = 7Ti (w{ n (g x (c, cf))w^ n (cos y, sin yi)) . 

By Fact 17.11 we have 

\(g 2 (c,d), (cosx, sinx))| = \(gi(a,b), (cosy, sin yi))\. 
There exists Z\ G such that 

(g 2 (c, d), (cosx, sin a;)) = (zigi(a, b), (cosy, sinyi)). 
By Lemma [7. 141 there exist Zq G and h' G such that 
iri(h')(g 2 (c,d)) = z zigi(a,b) and 7Ti(^')(cosx, sin 2) = (z cosy, z sinyi). 
Then it follows 

h'(w 3 L Jg 2 (a,b))w 3 Ln (cosx,sinx))h''' 1 

= ™L n ( z o z l9i ( a > h ))™ 3 L n ( z o cos V, z o sin yi) 
(7.5) = w 3 L (<?i(a, b))w 3 L (cosy, sinyi). (by Lemma 17. 10p 

If ni(w 3 L (g 2 (a,b))w 3 L (cosx, siax)) = I m+n , there is nothing to prove. 
Now suppose iii [w 3 L (g 2 (a, b))w 3 Ln (cosx, sin 2)) 7^ / m + n - 
Let Xi,x 2 G R such that 

I cos £1 cos X2 + sin xi sin X2 1 = | (<?2 (a, &) , (cos x, sin x) ) | . 

Then there exists z G 5*° such that 

((cosxi, sinxi), (cosx2, SUIX2)) = (^2(0, &)> (cosx, sinx)), 

and by Lemma 17.141 there exist h\ G H J and z 2 G 5*° satisfying 

n 1 (hi)(zg 2 (a,b)) = (z 2 cosxi, z 2 sinxi), 

7Ti(/ii)(cosx, sinx) = (22 cos 22, -22 sin 22). 

Thus following (17. 5p and Lemma 17.101 we have 

fc i (#1 ( a ' & ))*L (cos y, sin yi)) Z^ 1 
= hih' (w J Ln (g 2 (a, b))w 3 Ln (cos x , sinx))// -1 /?,^ 1 
= (hih'h^ 1 ) (hiW 3 L (zg 2 (a, b))w 3 L (cosx, sinx)^ 1 ) ■ (h-Ji'hi ) 
= (hih'h^ 1 ) (w 3 L (z 2 cosxi, z 2 sinxi)?!;;^ (02 cos X2, z 2 sinx2)) (hih'h^ 1 )^ 1 
= (hih'h^ 1 ) (w 3 L (cosxx, sinxi)M}^ n (cosx2, sinx2)) (hih'h^ 1 )^ 1 . 
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Notice 

Ki{hiw 3 Ln (gi(a, b))w 3 Ln (cosy, sinyi)/^ 1 ) 
= n 1 (h 1 w{ n (zg 2 (a,b))w J Ln (cosx,smx)h^ 1 ) 
= 7Ti (w 3 L (cosxi, sinxi)u)^ n (cosx 2 , sinx 2 )V 

Since niihih'h^ 1 ) commute with 7Ti (tZ^ (cosxi, smxi)u^ n (cos£ 2 , sinx 2 )) 
which is conjugate with 7Ti (w^ (<7i(a, 6))w^ (cosy, sinyi)) 7^ / m +n and 
is in tti(Hq), hence there exists h a H 3 Q and /to £ ker(7Ti) such that 
hih'h^ 1 = hho- 
Hence we have 

h iwi n (gi(a, b))w J Ln (cosy, sinyi)/^ 1 

= {hih'h^ 1 ) (w 3 L (cos^i, sinxi)tD^ n (cosa; 2 , sinx 2 )) (hih'h^ 1 )^ 1 

= hh (w 3 L (cosxi, sinxi)w^ n (cosa; 2 , sinx 2 )) (hho)* 1 

= w 3 Ln (cosxi, sinrri)^ (cosx 2 , sinx 2 )( by Lemma 17.131) 

= (#2 («, &))™i n (cos x, sin x)/^ 1 . 

Hence we have proved (1). 

(2) Similar arguments hold for (2). □ 

As a second step toward the proof of Theorem M, we prove 

Lemma 7.16. For any 0i, 2 , 3; we can find f3\, /3 2 , /3 3; a%, a 2 , a 3 , such 
that 

( 1 ) ~ h L n ( cos s in MM,„ ( cos #2, sin 6» 2 )^ n (cos 63, sin 3 i) 

= h 3 Ln (cos /?i , sin p x ) ^ (cos /? 2 , sin /3 2 i) ^ (cos /3 3 , sin /3 3 ) , 

(2) (cos 61 , sin X ) h 3 Ln (cos 2 , sin 2 i) h 3 Ln (cos 3 , sin 3 ) 

= /i^ (cosai, sin a.\ i)h 3 L (cos a 2 , sina 2 )/i^ ii (cosa 3 , sina 3 i). 

Proof. (1) Let 7Ti(/i^ (cos#i,sin#ii))= A, we have 
^ n (cos 0i, sin 0ii)^l n (cos 2 , sin 2 )^i n (cos 3 , sin 3 i) 
= h 3 Ln (cos 0i, sin 0ii)to£ n (cos 2 , sin 9 2 )w 3 Ln (-1, 0)/^ (cos 3 , sin 3 i) 
= (A • (cos 2 , sin 2 )) h 3 L (cos 0i, sin 0ii) 
• w j Ln (-l, 0)^ n (cos 3 , sin 3 iK n (-l, 0)<(1, 0) 
= < n (yi (-20i, 2 )) ^ (cos 0i , sin 0J) 
■< i (-l,O)^ Ln (cos0 3 ,sin0 3 i)<(-l,O)<(l,O). 
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Since 

^Jcos^,sinM*iJ-l,0)/iiJcos^,sm^i)*L(-l>0) G H{, 
there exists x\ G M such that 

~ h L n ( cos #i> sin ^ii)*i n Q )K n (cos sin 3 i)w^ (1, 0) 
= *i n (cosxi,sinxii)^ n (-l,0). 
Thus we have 

h 3 L (cos X , sin 6*ii)/i^ n (cos 6*2, sin 2 )/r^(cos 3 , sin 3 i) 
= *L (fi-i (-26»i, 6» 2 )) (cos xi, sin xj). 
By Lemma [7.151 there exist a, b, x 2 G [0, 27r] such that 
ti>Ln (9i(-2Qi, 92))w 3 Ln (caaxi, sinxii) = u>£ n (# 2 (2a, 6))^ n (cosx 2 , sinx 2 ). 
It follows 

h{ n (cos 0i, sin 0ii)/ii n (cos 2 , sin 2 )^i n (cos 3 , sin 3 i) 
= ™L n fe(2a, &))w^ n (cos x 2 , sin x 2 ) 
= /t^ (cos a, sin (cos&, sin bi)h 3 L (cos a, sin 

• w^(cosa; 2 , sin x 2 ) 

= /t^ (cos a, sin (cos&, sin fti)^ (— 1, 0) 

• u>i n (!> °)^i n ( cos a ' sin & ) -1 *L ( cos x 2, sin x 2 ) 
= /i^ (cos a, sin b) h 3 L (cos 6, sin bi) 

■ w 3 L (1, 0)/i^ n (cosa, sin &) -1 u>j^(cosx 2 , sin x 2 ). 

Notice 

w^(l, 0)/i^ n (cos a, sin 6)~ 1 iD^ ji (cosx 2 , sinx 2 ) G ifg 
by Lemma [7.131 there exists x G [0, 2ir] such that 
/i^ n (cosx, sinx) 

= w 3 L (1, 0)/i£ (cosa, sin&)~ u>£ (cosx 2 , sinx 2 ). 
Thus we have proved 

( cos sin °i' 1 )K n ( cos ^2, sin 2 )^l n (cos 3 , sin 3 i) 
= h 3 L (cos a, sin a) h 3 L (cos 6, sin 6i) h 3 L (cos x, sin x) . 

Let Pi — a, /3 2 = 6 and = x, we proved (1). 

(2) It follows almost the same manner as the proof of (1). 

We thus completely proved the lemma. □ 
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7.6. Proof of Lemma [91 Observe that for Vj, tti(Hq) and -Ki(H{) 
generate a subgroup isomorphic to SU{2). Using the same trick as 
we used in proof of Corollary 16.11 and Lemma 17.41 etc.. it follows 

is generated by H 3 Q and H \ . By Lemma 17.131 and Lemma 17.161 every 
element h G Hj can be express as 

h = /ij^(cosxi, sinxi)/^ n (cos£ 2 , sina^i)/*,^ (cosx 3 , smx 3 )h 

for some Xi, x 2 , x 3 G M and h G H sym . 
If 7Ti(/i) = I m+n , we have 

7Ti (/*4 n (cos x 2 , sin x 2 i)) = I m +n, 

7Ti (cos x 3 , sin x 3 )/^ n (cos x x , sin xi)) = J m+n . 

Or 

7n(^i n (cosx 2 ,sinx 2 i))= diag(-l 2n+j , -l 2n +j+i), 

7Ti (/i J Ln (cos x 3 , sin x 3 )/i J Ln (cos Xi, sin xi)) = diag(-l 2n+j , -l 2n+j+1 ). 

For the former case, it is clear h G H sym . For the latter one, we have 
cosx 2 = cos(xi + x 3 ) = 0. Using Lemma [7. 101 we have 

/? Ln (cosx 2 ,sinx 2 i) = h J Ln (0,±i) = h 3 Ln (0,l). 

Hence we also get h G H sym for this case. We thus have prove the 
theorem completely. 

Corollary 7.1. Ifm-n = 2, ker(TTi) = (ker^) n H Ll _ L2 ) -H -H sym . 
Proof. The conclusion is clear by Theorem [8] and Theorem [91 □ 

7.7. Structure of ker(vri)n# S0 . Let Li = {(t, a)\(t, a) G RxO, ^|a| 4 + 
t 2 = 1}. Let H = (ker(TTi) n H Ll _ L2 ) ■ H ■ H sym . Denote 

w j (t, a, b, c) = w Ln (t, . . . , a j+1 , b j+2 , c j+3 , . . . , 0) 

where (t,a,b,c) G L 3 . Let h j (0,a,b) = w j (Q,a,b,Q)w j (t,-\/2,0,0) 
where (0, a, b) G L 2 . Notice if t = 0, then \a\ = y/2. Thus the notation 
set here coincide with what was defined in Definition 17.31 
The crucial step in proving Theorem [5] is: 

Theorem 10. ker(vri) H H So C H. 

The ensuring discussion up to Lemma 17.201 proves the theorem. We 
prove a technical lemma at first. 

Lemma 7.17. If(tx, a x , bi, 0), (t 2 , a 2 , h, 0), (t 3 , a 3 , b 3 , 0), (t 4 ,a 4 ,b 4 ,0) G 
L 3 , satisfying 

7ri(u; J (ti, ai, 6i, 0)tt7 J (t 2 , a 2 , b 2 , 0))= 7Ti (w J (t 3 , a 3 , b 3 , 0)w J (t 4 , a 4 , 6 4 , 0)), 
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there exists ho G H such that 
w ] (ti, a x , bi, 0)«J J (t 2 , a 2 , b 2 , 0) = u> J (t 3 , a 3 , h, 0)w J (t 4 , a 4 , &4, 0)/i - 
Proof. Let 

u; = zi) L „(0,0,-l,...,l J+2 ,0...,0)-u; Ln (0,-l,...,l, +1 ,0,...,0). 

By Lemma [7.51 we have 

w J (tx, ax, bi, 0)w 3 {t 2 , a 2 , 62, 0)(w J (t 3 , a 3 , 63, 0)u> J (t 4 , a 4 , 6 4 , 0)) 1 

= ww j (ti, ai, 61, 0)w J (t 2 , 02, 62, O)^" 1 

• w(w J (t 3 , a 3 , 63, 0)w J (t 4 , a 4 , 64, 0)) w~ l 

= w 1 ^, a 1; bi, ti)w l {t 2 , a 2 , b 2 , 0) 

■ (w 1 (t 3 ,a 3 ,6 3 ,0)w 1 (t 4 ,a 4 ,6 4 ,0)) . 

Using Corollary 17.11 we get the conclusion. □ 

Now we consider the quotient group WL n (t,a)/H where (t, a) G L 
until Lemma [7.201 We continue to write h 3 L (0, a, b) ((0, a, b) G L) and 
w J Ln (t, a) ((£, a) G L) for their images in Wl„ (t, a)/H without confusion. 

Lemma 7.18. For V(0, a, b, c) G L 3 , V(0, «, v) G L 2; we can find 
(ti,a].,&i,ci), (t 2 ,a 2 ,b 2 ,c 2 ) G L 3; (t x , « 1? (t 2 ,u 2 ,v 2 ) G L 2 stzc/i tfiat 

(1) -uV(O, a, 6, c)-uV(0, 0, w, u) = w j (ti, ai, 61, ci)w J (— ti, Wi, t>i, 0), 

(2) w J (0, a, 6, c)uP(0, w, t>, 0) = w j (t 2 , a 2 , & 2 , c 2 )w j (-t 2 , 0, w 2 , u 2 ). 

Proof. (1) If (a, 6, c) and (0, w, t>) are collinear, then (a, 6, c) = ±(0, u, v). 
We can assume (a, 6, c) = (0, —u, —v) by Lemma 17.101 Let t\ = 0, 
(ai, &i, Ci) = (—Mi, —vi, 0) we get the conclusion. 

If they are not collinear, there exists (u[, v[) G such that (u[, v[, 0) 
is on the plane generated by (a, 6, c) and (0, u, v). Let h be an el- 
ement of the subgroup generated by W and iP +1 such that TT\{h) 
maps (a, 6, c) and (0, u, v) to xy-plane in C 3 with last coordinate and 



ni(h) ■ K,ui,0) = (0,1,0). Let (ui,ui) = (^4-4^,^4-4^) 
where < t < 1. 

Let f:(L 2 n R 3 ) xS^^S^ defined as follows: 



f(t, ti, t 2 , = ((a + *?)o, -tit 2 ga) 



where a = — a/1 — t 2 + ti. It is clear that / is surjective. 
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if we denote tt\{K) = B, by assumption about h, there exists (t, ti, t 2 , g) 
such that 

7Ti(^(0,S- {a,b, c))w j (0,B- (0,u,v))) 
= ^(w 3 (t,t 1 ,t 2 g,0))n 1 (w J (-t, n^h) ■ (u^v^O)). 

Hence by Lemma l7.17[ it follows 

w j (t, h, t 2 g, 0)w j (-t, B-( Ul , v h 0))= w j (0, B-(a, b, c))w j (0, B-{0, u, v)). 

Let (ai,bi,c\) = iri(h)~ 1 (ti,t2g,0), then we have 

hw 3 \t, oi, bi, ci)w 3 (—t, u%, Vi, 0)/i _1 
= w j (t, t h t 2 g, 0)w j (-t,B- («!,«!, 0)) 
= w j (0,B- (a,b,c))w j (0,B ■ (0,u,v)) 
= hw 3 (0, a, b, c)w 3 (0, 0, u, v)h~ . 

Thus we get 

w 3 (t, ai, bi, ci)w 3 (—t, ui, Vi, 0) = w 3 (0, a, b, c)w J (0, 0, u, v). 

Hence we proved (1). 

(2) Similar arguments hold for (2). □ 

Let H® denote the subgroup generated by w 3 (0, a, b, Q)w 3 (Q, 1, 1, 0) 
where \a\ = \b\ = 1. Observe that 7r 1 (ifj ) ) is isomorphic to set of all 
diagonal matrices in SU(2). 

Lemma 7.19. 

H j H j+1 H j = II 1 ' II s II ' \ 

Proof. Fix j. Observe that iTi(h J L (0, a, 6)) where (0, a, b) G L 2 and 
TTi(Hj) generate a subgroup isomorphic to SU(2), by Theorem O every 
element in Hj can be expressed as h? L (0, a, b)h where (0, a, b) G L 2 and 

he H^ 

We now prove 

II s II ' II s C H j+1 H j H j+1 . 

Let h{,h 3 3 G if- 7 , /i 2 +1 G H 3+1 . By above analysis, there exist 
(0,02,62) G L 2 and /i 2 G such that = h^{Q,a 2 ,b 2 )h 2 . Let 

7Tl(M)=A 
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Keep using Lemma 17.31 we have 

h{hi + % = hiV+\0,a 2 ,b 2 )h2hi 

= h{w j (0, 0, a 2 , b 2 )w j (0, 0, -1, 0)h 2 hl 
= w ] (0,A-(0,a 2 ,b 2 ))h{w j (0,0,-l,0)h 2 hi 
= w j (0, A ■ (0, a 2 , b 2 ))h{w j {0, 0, -1, 0)(/4)'/i 2 
for some (h 3 3 )' G H 3 ' since h 2 H 3 h 2 l C fF. Notice 

h{w j (0, 0, -1, 0)(/i J 3 )V(0, 0, -1, 0) G iF, 
by Theorem [9] there exist (0, a±, bi) G L 2 and ft/ G such that 

/i{w J '(0, 0, -1, 0)(hi)'w j (0, 0, -1, 0) = w j (0, ai, &i, 0)W(0, 0, -1, 0) 
Continue, we have 

h{hi +1 hl = w j (A ■ (0, a 2 , 6 2 ))/ii^'(0, 0, -1, 0)(hi)'w j (0, 0, -1, 0) 
• w j (0, 0, 1, 0)/i 2 

= riH (1 ■ (0, a 2 , 6 2 ))* J (0, ai, &i, 0)ft7i 2 . 
By Lemma 17. 18[ there exist (t, a, b, c) G L 3 and (£, w, v) G L 2 such that 

w 3 (A • (0, a 2 , b 2 ))w 3 (0, a 1; 6 1; 0) = ^(t, a, b, c)w 3 \—t, 0, w, t>). 
Hence we have 

h{h 3 2 +1 h 3 3 = w 3 '(t, a, b, c)w 3 (—t, 0, u, v)h'h 2 . 
If b = c = 0, let = — ||a| 2 + ti, by Lemma I7T31 it follows 
h{h 2 + h 3 3 = w 3 (t, a, b, c)w 3 (—t, 0, u, v)h'h 2 
= (w^it, a, b, c]w 3 (—t, 0, u, v)w 3 (t, a, 6, c)~ )w 3 (t. l a, 6, c)h'h 2 
= w 3 (—t, 0, tiv)w J (t, a, 0, 0)h'h 2 

= w j (-t, 0, i!U, hv^it, 0, a, O)^^-*, 0, -a, 0)w j (t, a, 0, 0)h%. 

Let = 0, ttu, t x v)w 3 {t, 0, a, 0), h{ = w 3 (-t, 0, -a, 0)w J '(t, a, 0, 0)/i', 

h J 6 +1 = h 2 , then we have 

h{hi +i hi = h{ +i hihi +i . 

Notice n 1 (hi +1 ),7r 1 {hi) G S77(2), by Lemma OH h{ +1 G fP' +1 , G 
/P. Hence we are though the case b = c = 0. 

Suppose 6 7^ 0. Let t\ = a/I c I 2 + |6| 2 , a = /3 = — t^c, (x, = 
(a, and fti G iP +1 such that 7Ti(/ii) given by the following matrix 
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Thus we have 7Ti(/ii) • (x, y, 0) = (a, b, c). We have 
h{h J 2 +1 h J 3 = w^t, a, b, cjw^—t, 0, u, v)h'Ii2 

= hiw j (t, x, y, O)/^ 1 ?!^— t, 0, u, v)h'h 2 



/iiw j (t, x, y, 0)w j (-t, 0, ^4 - 4t 2 , 0) 



7,J 



(t, 0, -^4-4*2, 0)/i7 V(-t, 0, u, v)h'h 2 



Notice h'W +1 {h')- 1 C iP' +1 , hence if we let 



/i j = x, 0)w j (-t, 0, ^4 - 4t 2 , 0)/i', 



^•+! = {h!)- l w j {t, 0,-^4- 4t 2 , 0)/ii 0, u, v)h%, 

we have 

Notice 7Ti(/i i ),7ri(/i i+1 ) G SU(2), by LemmaEITJ G W and G 
Hence we are though the case b ^ 0. For case c ^ 0, we follow 
exactly the same way as the proof of (1) except changing (x,y) = 
(a, ba^ 1 ) to (x, y) = (a, — c/3 _1 ). 
Thus we have proved 

ll J ll 1 ' W c //•'• '//'//'• '. 

The proof of inverse containment is similar. 

□ 

The last tool we need is the following 
Lemma 7.20. 

m— n— 1 m—n—2 

n n n-.ai*') 

i=l i=l i=l 

Proof. The proof is exactly the same as the proof of Lemma 16.11 after 
changing h? L with UK □ 

7.8. Proof of Theorem 1101 By Lemma [7.201 any element of h SQ can 
be written as 

m— n— 1 m—n—2 

h = ( II ^m-n-l) ( II Kn-n-t) > • • • , ^0, 
i=l i=l 

where ^ G /P, k < m — n — 1 and foo £ Notice the the element 
in the lower right corner of matrix 7Ti(/t) is the same as that of matrix 

TTlCK-n-D- If n l( h ) = tm+n, We have ^l(hZZn-l) = trn+n, which 

means h™Zn-i e -^sym by Theorem [9j By induction it follows h E H. 
Hence we proved the theorem. 
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7.9. Proof of Theorem [H 

Proof. It is a direct conclusion of Theorem [8] and Theorem [TQ1 □ 
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